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BRIEF COMMUNICATIONS

MARCHAUD’S INEQUALITY FOR MULTIPLE MODULES
OF CONTINUITY IN METRIC SPACES

S. A. Pichugov UDC 517.5

For periodic functions of one variable in the metric spaces Ly [0, 27], we establish an analog of Mar-
chaud’s inequality for multiple modules of continuity.

Assume that, for real-valued functions f(z), € R!, with period 1,

Auf(@) = flz+10) — fz), AF=n, (A,{H), keN,

and

wn(f,h)x = swp Aty
[tl<h X

is the module of continuity of order & in the space X.
In the case where X = L, p € [1,00], for k <, k,l € NV, parallel with the obvious inequality

wi(f,h)r, <27 Fw(f h)r,,
the following Marchaud inequality [1] is also true:

1

wk(f7h’)Lp S Clhk/u}l(fs’ks)l/pds’ (1)

S
h
1 . . .
where h € (0, 2} and (7 is a positive constant independent of p, h, and f.

1
For p € (1,00), Timan [2; 3, p. 41] proved sharper inequalities: For h € (O, 2> and k < [,

Faths g\ Falho? as\
k I\J>9)p, S E I\J>°)p, S
Cp rh /Sﬂﬂfp 5 <wip(f,h)r, < Bpih /352kp o ) (2)
h h
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where

f1 = max(2,p), B2 = min(2,p), Cp s and By, > 0.

Inequalities (2) were proved with the help of direct and inverse Jackson inequalities for the approximations of
functions by trigonometric polynomials.

By using the same method, we prove an analog of the Marchaud inequality (1) in the metric spaces L.

Let €2 be a set of functions W : R_1F — R}F, which are modules of continuity, i.e., ¥ is a continuous nonde-
creasing function, ¥(0) = 0, and

U(z+y) <¥(z)+¥(y) forall z,ye RL.

Let Lg be the set of measurable functions almost everywhere finite on a period. For ¥ € (), the set

1

Lo =1 f e Lot |flo = [ 9(f@)])dz < o0

0

is a linear metric space with the following metric:

p(f,9)w = [If —gllw.
Also let

- U (st)
My(s) = t>g B(t)

s € (0,00),

be the stretch function of ¥ [4] (Chap. II, Sec. 1).

We now prove the following theorem:

1 1
Theorem 1. Suppose that k,l € N, k < I, and M\y<2> < 1. Then, for all h € (0, 2), the following

inequality is true:

1 k
wi(f,h)w < C/M\I/ ((?) )wl(fv 3)‘1/%, 3)
h

where C' is a constant independent of f and h.

In the proof, we use the following results from the theory of approximation of functions in Ly. Let

f({L')— i Ckeik27rx

k=—n

E, = inf
(o = int

v

be the best approximation of f by trigonometric polynomials of degree at most n in L.
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1
Theorem A [5, 6]. Suppose that ¥ € Q, My (2> <1,and k € N. Then

En1(f)w
sup sup _—

. < 00, “4)
n  feLy,f#const Wi <f7 )
njy

[] ik
we(f h)e <C Y M“P((V}L))Ey_l(f)q/, (5)
v=1

where C' = C(k, V) is a constant independent of f and h.

Note that, in [7-9], these statements were proved for the spaces L, p € (0,1).

Proof of Theorem 1. For the sake of brevity, denote

w(h) == wi(fih)e,  wi(h) = wi(f,h)e.

In what follows, all constants C'; depend only on &, [, and V.

1
To majorize wy <2n> , we successively apply inequalities (5) and (4) and obtain

n+1
wk<21n> <C1Y My (2<”—">’“)E2»—171(f)m

v=1

n+1 1
<o)y Mu¥)w <2u_1 ) '

v=1

Since the function My is semimultiplicative [4] (Chap. II, Sec. 1), we get
My <2(1/7n)k> = My (z(uflfn)k2k)

< My (2(”—1—’0’“) My (2’f) — O3 My (2(”—1—”>k).

1 1
(s)=eald)

1 n+1 1 1
v—1)k
wk<2n> <Cs Y My <2< ) an) w,<2y). (6)

v=1

Further,

It follows from (6) that
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In view of the monotonicity of the functions My and w;, we find

1
Thus, for h = on’ we obtain inequality (3) from inequality (7):

1

w <2ln> <C77§J e / M\p<<2l”i>k> () dss.

on+1

Further, for any h, we use standard reasoning. Let i € [ . In this case,

wi(h) < Wk<21n>

1
2n+1 2n

Theorem 1 is proved.

Remark 1. Inequality (3) is unimprovable in the following sense:

wi(f h)w
sup sup

he(0,3) feLw,f#const /IM\I,<<h)k> (. 5) ds
h s s

1
For a given h € <O, l)’ let f(z) = Xo,n(®) be the characteristic function of the segment [0, /] and

> 0. (7

let s > h. Then

k

wk(f,h)qIZHA]foH\P: > () IO+ ) :i\p(q{)h

= v =0
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l l
wi(f,s)e <Y NCHf@+s)lly =D W (CH)h
v=0 v=0

This yields (8) if

It is known [4] (Chap. II, Sec. 1) that, for the stretch function My, there exists a lower stretch index Ty such
that, for any € > 0, one can find a constant C. > 0 such that, for all ¢ € (0, 1], the inequalities

tT < My(t) < CotYv—e
1
are true. If U € Q, then Ty € [0, 1]. However, it follows from the condition My <2> < 1 that

Ty > 0.

Therefore, for sufficiently small ¢, we get

1 1
/ d7< /t%I/E
P

0 0

! 1\ dt
Remark 2. 1If / My (tk)Mwl (t) - < 00, then wi(f,h)y <wi(f,h)w.
0

Indeed, since

we find

In particular, if M, (y) < K y% for y > 1, then the condition & < kY implies that

wk(f, h)\p = wl(f, h)q/

This statement was proved in [5].
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