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Наведено результати експериментальних досліджень роз­
поділу температури на поверхні металевого гофрованого 
листа.

Запропоновано математичні моделі для розрахунку теп­
лопровідності та термонапруженого стану фрагмента мета­
левої гофрованої оболонки транспортної споруди, бокові 
поверхні якої нагріті до різних температур. Приймається, 
що температура залежить від двох просторових змінних. 
В якості можливого критерію для вибору потрібної функ­
ції розподілу температури спорудою прийнято мінімізацію 
функціоналу, визначеного на множині допустимих функ­
цій, у вигляді інтегралу по області тіла від виразу, що задає 
виробництво ентропії.

При дослідженні температурного поля використовуєть­
ся диференціальне рівняння теплопровідності, а напружено- 
деформованого стану – рівняння теорії термопружності. Для 
розв’язування диференціального рівняння теплопровідності 
використано метод скінченних різниць, а для розв’язку рівнянь 
теорії термопружності – метод скінченних елементів. 

Встановлено, що температура розподіляється нерівно­
мірно металевим гофрованим листом. Існує температурний 
перепад між нижньою та верхньою поверхнями гофровано­
го металевого листа. Різниця температур між нижньою 
та верхньою поверхнями листа становить +7,1 °С при мак­
симальних додатних температурах навколишнього середо­
вища та –5,5 °С при мінімальних від’ємних температурах 
навколишнього середовища.

Встановлено, що величина напружень, яка виникає в мета­
левих гофрованих листах від температурних перепадів навко­
лишнього середовища, становить до 25 % від допустимих 
напружень. Тому при проектуванні металевих гофрованих 
конструкцій необхідно проводити розрахунок на дію темпе­
ратурних кліматичних впливів.

Отримані дані термонапруженого стану металевих гофро­
ваних конструкцій є важливими для проектних організацій. 
Оскільки із врахуванням дії температурного поля на напру­
жений стан конструкції в цілому на стадії проектування 
можна підібрати матеріали з метою зменшення темпера­
турних напружень, які мають прямий вплив на розвиток 
корозійного пошкодження металу труби

Ключові слова: металева гофрована оболонка, розподіл 
температури, температурне поле, термонапружений стан 
оболонки

UDC 625.151.2.001.4, 531.01
DOI: 10.15587/1729-4061.2019.168260

1. Introduction

Transportation facilities that are made of corrugated 
metal structures (CMSs) undergo a complex of climatic 
effects [1, 2] in the process of using them. Research on heat 
exchange components is an integral part of data development 
for calculating temperature stresses and deformations.

In winter, the ground is frozen and cooled to significantly 
low temperatures. As a result of contact with the metal cul-
vert, cracks may occur in the soil, which adversely affects the 
technical condition of the construction [3, 4]. The formation of 
cracks in the soil negatively affects the interaction of the pipe 
with the ground filling, reducing its bearing capacity. If an esti-
mate confirms the possibility of temperature-based cracking of 
the soil of the embankment above the upper part of the culvert, 
a heat-insulating layer should be used, the thickness of which 

should be selected by mathematical modelling in such a way as 
to reduce the level of temperature stresses.

In addition, during the functioning of corrugated metal 
structures, cracking of the zinc coating may be observed. 
One of the reasons for this defect is the level of temperature 
stresses on the boundaries of «metal – zinc» or «metal –  
zinc  – soil». This is due to the temperature difference bet
ween the external heated metal surface of the corrugated 
sheet construction and the inner part of the structure that 
interacts with the ground filling and has a lower temperature 
value. The basis of such a calculation is the prediction of the 
temperature field and the field of temperature stresses with 
the help of mathematical modelling.

In this connection, the problem of studying the tempera-
ture field and the thermal stress state of corrugated metal pipes 
that are exposed to changing climatic influences of the envi-

 Received date: 22.04.2019     Accepted date: 14.05.2019     Published date: 26.06.2019 



Applied mechanics

27

ronment is relevant. Such studies, along with researching the 
impact of static and variable transport loads, are the basis for 
assessing the strength and reliability of transportation facilities 
that are made of the CMS when interacting with the ground.

2. Literature review and problem statement

In most cases, it is difficult to determine temperature 
fields and stresses, and the exact solution of the problem is 
hard to find. Therefore, an engineer has to simplify the actual 
design in the calculations and take into account the involved 
physical factors of the error thus made or use approximate 
methods of research [5]. It is necessary to take into account 
the multi-axial stressed state in order to obtain complete data 
on the tense state of transportation facilities due to climatic 
temperature effects [6], and it is not enough to solve a one- 
dimensional problem [7].

In [8–10], it was concluded that fluctuations in the 
atmospheric temperature cause permanent extensions and 
shrinkages of beams in long-span bridges, and the tempera-
ture difference leads to the appearance of bending moments.

According to the requirements of DBN В.2.3-14 [11], 
the normative climatic temperature effects must be taken 
into account when calculating the second-group boundary 
condition for bridges of all systems. Determination of the 
design temperatures is based on the normative atmospheric 
temperature (air temperature in warm and cold periods of 
the year). It is recommended to determine the temperature of 
elements with complex cross-section by taking into account 
the value of the average weighted temperature of individual 
elements (walls, shelves, etc.).

The average normative temperature in the section of the ele
ments or their parts is recommended to be assumed as equal to:

– the normative atmospheric temperatures for concrete 
and reinforced concrete elements in the cold period of the 
year, and for metal constructions – at any time of year; 

– the normative atmospheric temperature, except for  
a value equal to 0.2a, but not more than 10 °С for concrete 
and reinforced concrete elements during the warm period of 
the year. Here, the parameter a is the thickness of an element 
or part thereof in centimetres, including the road wear of the 
travel section of road bridges.

The normative document AASHTO [12] lists the limits 
on the highest and lowest design temperatures for different 
types of bridges given. These temperature values must be 
taken into account when designing bridge structures.

When calculating long-span steel reinforced concrete 
bridges, taking into account uneven heating by the sun and the 
norms [13], it is necessary to take into consideration nine cal-
culated cases of temperature effects on bridge constructions.

In the normative document EN-1991-1-5-2009 [14], it is 
recommended to take into account temperature variations 
in the design of transportation facilities. In this case, it is 
necessary to check the influence of the highest and lowest 
temperatures on the thermal stress state of bridge structures.

In [15], it was experimentally established that a seasonal 
change in the atmospheric temperature influences the occur-
rence of deformations in the design of the embankment with 
tunnel treatment. The deformation value differs depending 
on the heat transfer conditions along the boundaries of the 
calculated area «soil-tunnel». Under multivariate modelling 
of the thermal stress state, it is established that with the help 
of special means that change the conditions of heat exchange 

on the outer and inner surfaces of the tunnel, it is possible to 
achieve practical stabilization of the deformed state of the em-
bankment design and thereby improve its performance. It is 
also noted that the methods of calculating the thermal stress 
state in the area of culverts are not sufficiently developed. 
Such processes can be estimated reliably only experimentally.

In [16], it is noted that in order to determine the thermal 
stress state of a reinforced concrete structure of bridges, it is 
necessary to know the temperature distribution in the body 
of the structure. However, the author considers the distribu-
tion of the thermal stress state only in the reinforced long-
span concrete structures of the bridges.

The authors of [17] found that one of the main reasons for 
the malfunction of asphalt concrete coatings and slabs of the 
roadway on road bridges is the influence of temperature, and 
in [18], it was proved that temperature leads to the asphalt 
subsidence.

Several specific examples are given for implementing the 
method for studying the temperature fields [19] and the me-
chanical stresses [20] arising in the layers of the road surface. 
However, these studies do not consider issues related to re-
searching temperature distribution with uneven heating of the 
layers of road coating and their impact on bridge structures.

In [21], when designing transportation facilities, it is also 
taken into account that there is a temperature distribution 
in the section of the elements of long-span structures. In this 
case, the values of both positive and negative gradients are 
used. For example, when designing the famous San Fran-
cisco-Oakland Bay Bridge [21], the following temperature 
effects were taken: 27 °С as the average temperature; 17 °С 
as the increase or decrease of temperature for concrete; 22 °С 
as the increase or decrease of temperature for steel; the tem-
perature gradients for concrete were of two types: positive 
Т1 = 30 °C and Т2 = 7.8 °C as well as negative Т1 = –15 °C 
and Т2 = –3.9 °C according to the graphs of the AASHTO 
standards; the temperature difference between the upper and 
lower surfaces of steel beams was 11 °С.

According to the temperature measurements for a Cana-
dian steel bridge and the subsequent calculations of the ther-
mal stresses [22], it was concluded that the distribution of 
temperatures in the designs of such bridges should be taken 
into account when designing the constructions. It is especial-
ly important to take into consideration spring temperatures, 
since the walls of the beams that are facing the sun during 
this period are heated very quickly while the temperature of 
the concrete pavement, at the same time, changes slightly.

The results of the temperature distribution on the sur-
faces of the metal box-beam have shown that the tempera-
ture between the upper and lower parts of the box beams 
is distributed unevenly. The temperature difference reaches  
a value greater than 24 °C [23].

In [24], the influence of temperatures on the dynamic 
behaviour of bridges is analysed, and a model for determining 
the degree of damage to box-type bridge structures with tem-
perature influences is developed.

The results of experimental measurements of temperature 
distribution on the surfaces of bridge structures are presented 
for 4 years in [25]. After performing the measurements, a con-
clusion was made that the thermal gradients that occur on the 
bridges are inevitable in the process of monitoring the stress-
strain state of the bridge structures. The temperature mea-
surement should always be carried out simultaneously with 
the measurement of deflections. Moreover, attention should be 
paid to the atmospheric temperature and weather conditions.
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In Germany, when evaluating thermal effects on long-
span metal structures of box bridges, due to the effect of 
atmospheric temperature, a computer model was developed. 
It was based on taking into account all external climatic in-
fluences and material parameters for heat transfer, which in-
fluence the temperature distribution throughout the beams.

The results of calculating temperature gradients given 
in [26] show that the section direction in the vertical direc-
tion of the beam is distributed unevenly. Between the bottom 
and the upper edge of the beam, there is a temperature diffe
rence DT. In this case, the horizontal or equivalent tempera-
ture differences between the lateral edges of the beam can 
be obtained from each temperature distribution, taking into 
account concrete cross-sectional shapes.

From the analysis made, it can be noted that to date there 
are no experimental studies of temperature distribution on 
the surfaces of corrugated metal structures. Besides, an as-
sessment of the effect of high and low temperatures on the 
thermal stress state of transportation facilities made of the 
CMS has not been conducted. There are also discrepancies 
regarding taking into account the highest and lowest values 
of temperatures at the design stage of transportation facilities 
and their impact on the thermal stress state.

Consequently, it is timely and necessary to undertake the 
task of an experimental study of temperature distribution 
on the surfaces of a corrugated metal sheet and to assess the 
effect of the atmospheric temperature on the thermal stress 
state of transportation facilities made of the CMS. This will 
enable engineers of design enterprises to take into account 
the influence of temperature variations on the stress-strain 
state of structures at the stage of implementing design works 
for the construction of transportation facilities from the 
CMS. Thus, it will help make constructive decisions to re-
duce this impact on transportation facilities.

3. The aim and objectives of the study

The aim of the study is to determine the effect of climatic 
temperature fluctuations on the thermal stress state of trans-
portation facilities made of corrugated metal structures.

To achieve the aim, the following tasks were set and done:
– to carry out experimental measurements of the tempera-

ture distribution on the surfaces of the corrugated metal sheet;
– to find a solution of the heat conduction problem when 

setting the temperature values along the contour of the cor-
rugated metal sheet;

– to interpolate the function of temperature by its values 
on an irregular grid; 

– to evaluate the temperature stresses and deformations 
that arise in corrugated metal sheets of transportation facili-
ties by the finite element method.

4. Experimental measurements of temperature 
distribution on the surface of a corrugated  

metal sheet

Temperature distribution was measured by the Testo 875-1  
thermal imager and the NT-822 pyrometer (made in Singa-
pore) according to the methods published in the [27, 28]. The 
atmospheric temperature was monitored using the electronic 
anemometer TENMARS TM-740. The process of carrying out 
experimental measurements of temperature is shown in Fig. 1.

t, °C Thermal 
imager

Testo 875-1
Pyrometer
НТ-822

Fig. 1. The process of performing temperature measurements 
on the surface of a corrugated metal sheet of a pipe

When conducting studies on temperature distribution 
with the aid of a thermal imager on a site, a picture of the 
temperature distribution on the surfaces of a corrugated 
metal sheet of a transportation facility made of the CMS was 
obtained. Then, in laboratory conditions, the temperature dis-
tribution was analysed throughout the corrugated structure, 
using the software Testo-IRsoft. The results of the experi-
mental measurements of the temperature distribution on the 
boundaries of the corrugated metal sheet are given in Table 1.

Table 1
The experimental results of measuring temperature 

distribution at the boundaries of a corrugated metal sheet

i
ti,0, °C ti,32, °C

j
t0, j, °C t32, j, °C

sum-
mer

win-
ter

sum-
mer

win-
ter

sum-
mer

win-
ter

sum-
mer

win-
ter

0 38.8 –28.8 31.5 –21.5 0 31.4 –21.0 31.0 –21.4
1 38.4 –28.4 31.1 –21.1 1 37.2 –21.4 31.4 –21.4
2 38.8 –28.8 31.4 –21.4 2 30.7 –21.3 31.3 –17.3
3 37.3 –27.3 32.7 –22.7 3 31.5 –21.0 31.0 –20.1
4 37.3 –27.3 31.7 –21.7 4 31.5 –21.4 31.4 –21.5
5 38.2 –28.2 31.0 –21.0 5 31.4 –21.5 31.5 –21.5
6 38.0 –28.0 30.5 –20.5 6 31.7 –21.7 31.7 –21.4
7 38.1 –28.1 29.0 –21.0 7 30.8 –22.3 31.5 –21.7
8 38.1 –28.1 29.9 –20.9 8 32.9 –22.4 32.3 –20.8
9 37.2 –27.2 31.5 –21.5 9 32.0 –23.3 32.4 –22.9

10 36.3 –26.3 30.4 –20.4 10 32.1 –22.9 33.3 –22.0
11 37.4 –27.4 30.8 –20.1 11 32.2 –23.5 32.9 –22.1
12 38.4 –28.4 31.2 –21.2 12 33.4 –23.4 33.5 –22.2
13 38.7 –28.7 32.1 –22.1 13 33.5 –24.4 33.4 –23.4
14 38.7 –28.7 31.2 –21.2 14 31.7 –24.3 34.1 –23.5
15 38.8 –28.8 31.4 –20.4 15 31.4 –24.7 34.3 –21.7
16 38.2 –28.2 31.2 –21.2 16 34.5 –25.5 34.7 –21.4
17 38.0 –28.0 31.1 –20.4 17 34.6 –25.5 35.5 –24.5
18 37,2 –27.2 32.7 –21.1 18 34.7 –26.4 35.5 –24.6
19 38.6 –28.6 32.8 –20.1 19 35.6 –25.4 36.4 –24.7
20 37.2 –27.2 31.7 –22.7 20 34.4 –27.4 35.4 –25.6
21 37.1 –27.1 32.4 –22.8 21 36.0 –27.9 37.4 –24.4
22 38.5 –28.5 31.1 –21.7 22 36.0 –28.9 37.9 –26.0
23 37.6 –27.6 30.5 –22.4 23 36.7 –27.5 38.7 –26.0
24 38.7 –28.7 29.4 –21.1 24 37.1 –27.0 37.5 –26.7
25 38.4 –28.4 30.5 –20.5 25 36.4 –28.0 38.0 –26.5
26 37.1 –27.1 29.4 –19.4 26 37.5 –27.4 37.8 –26.4
27 38.1 –28.1 29.8 –20.5 27 38.0 –27.9 37.8 –27.5
28 37.1 –27.1 31.4 –19.4 28 36.0 –27.4 37.4 –28.0
29 37.4 –27.4 31.0 –19.8 29 38.2 –28.5 38.5 –26.0
30 37.0 –27.0 30.7 –21.4 30 38.1 –28.0 38.0 –28.2
31 37.3 –27.3 31.0 –21.0 31 38.0 –28.8 38.8 –28.1
32 37.4 –27.4 30.4 –20.7 32 38.7 –28.8 38.8 –28.7
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Table 1 shows that the temperatures are distributed 
unevenly throughout the corrugated metal sheet. There is 
a temperature difference between the lower and upper surfa
ces of the corrugated metal sheet.

The temperature difference between the lower and upper 
surfaces of the sheet is +7.1 °C at the highest atmospheric 
temperatures and –5.5 °C at the lowest atmospheric tem-
peratures.

5. Processing of experimental data on the temperature 
distribution throughout the surface of the corrugated 

metal sheet

5. 1. Interpolation of the temperature function by its 
values on an irregular grid of temperature measurements 
along the contour of the frame

Let the unknown temperature distribution be in a two- 
dimensional, single-convex, physically non-homogeneous 
region P with a piecewise smooth boundary. The set tem-
perature values are in separate points of the region P and 
at its boundary. On introducing the coordinate system х0у  
in the region P, the distribution of the temperature field will 
be determined as a function of the two variables T(x, y).

The task of determining the temperature distribution is 
incorrect if there are not enough data to write the correspo
ding boundary conditions for the formulation of the boundary 
value problem [29]. In this paper, the regularization of an in-
correct heat conduction problem is carried out by introducing 
a physically valid criterion, for choosing from the set of ad-
missible functions the most suitable function for temperature 
distribution. As a possible criterion for choosing the required 
function, minimization of the function defined on the set of 
admissible functions is taken as an integral in the region of 
the body from the expression given by the entropy produc-
tion [30]. That is the product of the thermodynamic force on 
the thermodynamic flow introduced during the consideration 
of the heat conducting body as a thermodynamic system [31].

The entropy production will be written in the form:
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where λ(x, y) is a piecewise constant function in the region P,  
the coefficient of thermal conductivity of an inhomo
geneous body.

Let us write a discrete analogue of the problem of re-
producing the temperature function. We apply a regular 
coordinate grid to the region P with the step hx in the 
coordinate x and step hy in the coordinate y. Let us denote 
that Ti, j = T(xi, yj), where (xi, yj)∈P are the nodal points of  
the grid in the region P. It is assumed that at certain  
points (x*i , y*j )∈P the temperature values are given, and for 
the remaining points (xi , yj)∈P, they are determined from 
the condition of the minimum of the functional Ω(T), which  
after discretization approximates the function:
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Note that in this formula there are both given and un-
known values of the temperature at the nodal points. In this 
case, the unknown Ti,j can occur four times in sum (2).
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To find a finite number of the unknown temperature 
values, we use the condition of the minimum of the quadratic 
function Ω(T). Let us zero the derivatives of Ω(T) for the un-
known values of Ti,j and obtain for each of them the equation:
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where λi,j = λ(xi, yj), and the unknown Ti,j is determined by 
the values in neighbouring nodes, among which there may be 
known and unknown ones:
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In the case of a homogeneous region P when λ(x, y) = 
= const, the formula is simplified to the form:
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and when h hx y= , we get the formula:

T T T T Ti j i j i j i j i j, , , , , .= + + +( )− + − +
1
4 1 1 1 1 	 (6)

Proceeding from some initial approximation of tempera-
ture in the region, and hence in the nodes of the regular grid, 
using formulae (6) and successively changing i, j for the 
nodes where the values of Ti,j are unknown, we organize an 
iterative process of successive approximation to the desired 
temperature values. In those nodes where temperature values 
are set, they remain unchanged.

The calculation process is somewhat different, given that 
the data may contain errors due to the accuracy extent of the 
measurements. In this case, we assume that at the measuring 
points the ranges of possible temperature values are deter-
mined, the sizes of which are established by the accuracy of 
the measurements. If the errors can be either bigger or smaller, 
then the measured temperature value is located in the middle of 
the range of its permissible values. In the calculations, we also 
use formula (6), but we do not allow temperature values to go 
beyond its permissible values. In this case, it acquires a possible 
marginal value. Cycle calculations are completed when the 
next value of the desired temperature in the node differs from 
the previous less than the given accuracy of the calculations.

The calculation of the temperature field and the stress-
strain state of the transportation facility made of the CMS 
will be carried out at the highest and lowest temperatures 
obtained as a result of experimental measurements of the 
temperature distribution throughout the corrugated sheet of 
the construction.
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Due to the small thickness of the sheet construction in com-
parison with its other dimensions, we neglect the change in tem-
perature in the thickness and also believe that the curvature has 
little effect on the distribution of temperature on the surface. 
Thus, to find the temperature distribution, we use the formulae 
obtained earlier for the measurement of the temperature.

Suppose that for a thin metallic corrugated frame the cur-
vature has a negligible influence on the temperature distribu-
tion. Therefore, the calculation of the temperature distribution 
according to its measurements at the points of the irregular 
grid on the surface is carried out in an approximation that does 
not take into account the curvature. To conduct the research, 
we choose a rectangular area:

P x y x a y b( ) = ( ) ≤ ≤ ≤ ≤{ }, : , ,0 0 	 (7)

where x, y is a rectangular Cartesian coordinate system.
The distribution of the temperature field on the surface 

of the frame will be carried out with the following parame-
ters: a = 200 cm; b = 28 cm and m = 32. At the points on the 
boundary of the region (P), we set the experimental values of 
the temperatures given in Table 1. The values of the highest 
temperatures were measured on 10 June 2018, at 3.30 p. m., 
and the lowest temperatures were recorded on 08 January 
2019 at about 6.00 a.m. for a fragment of a corrugated metal 
sheet of a transportation facility that is located in the city of 
Olesko, Lviv Oblast, Ukraine.

The results of calculating the temperature field by the 
finite difference method in the software set Mathcad 14 are 
shown in Fig. 2, a, b.

In addition, to compare the results of the distribution of 
the temperature field, the solution of the heat conduction 
problem was found by the finite element method, using the 
licensed program FEMAP (MSC NASTRAN) [32] and ta
king into account the geometric parameters of the corrugated 
metal sheet. The results of the temperature distribution on 
the surfaces of the corrugated metal frame at the highest and 
lowest atmospheric temperatures are given in Fig. 3, a, b.

From the distribution of the temperature field through-
out the corrugated metal frame at the highest atmospheric 
temperatures, it was found that the temperature on the 
lower surface of the frame varies from +38.8 °C to +37.0 °C. 
Further, from the bottom up, the temperature gradually de-
creases to values from + 29.4 °C to 32.7 °С.

 
 

 

a

b

Fig. 3. The results of calculating the temperature field 	
by the finite element method (°C): a – at the highest 

atmospheric temperatures; b – at the lowest atmospheric 
temperatures

At the lowest atmospheric temperatures, the tempera-
ture on the bottom surface of the corrugated frame varies 
from –28.8 °C to –26.0 °C, and the temperature ranges  
from –19.4 °C to –22.8 °C at the upper boundary of the 
frame.

After comparing the results of the obtained temperature 
fields by the finite difference method and the finite element 
method, it is obvious that the temperature distribution pat-
terns are practically identical. Then, based on the solution of 
the heat conduction problem, we turn to the determination 
of the temperature stresses occurring in the corrugated  
metal frame.

5. 2. Interpolation of the function of tempera-
ture by its values on an irregular grid of tempera-
ture measurements on the surface of the frame

Let us consider the case of uneven tempera-
ture distribution on the surface of the corrugated 
metal sheet. That is, let us solve the problem of 
temperature distribution on an irregular grid. 
At certain nodes of the grid, we set the tempera-
ture values that were obtained experimentally at 
the highest (Fig. 4, a) and lowest temperatures 
(Fig. 4, b) of the environment.

By the values of the temperature distribution 
on the surface of the corrugated metal frame, 
we solve the heat conduction problem, using 
finite difference methods and the finite element 
method. The results of calculating the tempera-
ture field by the finite difference method in 
the software complex Mathcad 14 are shown in 
Fig. 5, a, b, and by the finite element method, the 
results are given in Fig. 6, a, b.
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Fig. 2. The results of calculating the temperature field by the finite 
difference method according to the measured temperatures (°C): 	
a – at the highest atmospheric temperatures; b – at the lowest 

atmospheric temperatures
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From the temperature field (Fig. 5, 6), it is evident that 
the temperature is distributed unevenly throughout the 
corrugated metal sheet. At the highest atmospheric tem-
peratures, the temperature on the bottom surface of the 
corrugated frame varies from +38.8 °C to +36.8 °C, and the 
temperature values on the upper boundary of the frame range 
from +29.4 °C to +31.8 °C.

At the lowest atmospheric temperatures, the 
temperature on the lower surface of the corruga
ted frame varies from –28.8 °C to –26.3 °C, and 
the upper surface temperature values range from 
–19.4 °C to –21.3 °С.

6. The mathematical model of the thermal 
stress state of a thin frame 

A frame is a body bounded by surfaces, the 
thickness of which is comparable to the other 
two dimensions. In the theory of thin frames, 
an orthogonal coordinate system α, β, and γ is 
predominantly used, where γ is a coordinate that 
determines the position of the point along the 
normal to the median surface, and α, β are the 
coordinates of the points of the median surface. 
The median surface in the Cartesian coordinate 
system Oxyz is determined by the equations:

x x= ( ),α β,  y y= ( ),α β,  z z= ( ).α β, 	 (8)

Thus, the temperature field of the frame can 
also be given in the coordinate system α, β, and γ . 
After assuming that the temperature is constant 
over the thickness of the frame, we assume that 
t t= ( , ),α β  and the temperature in this case de-
pends on the two coordinates.

In the theory of frames, it is considered that 
the components of the deformation tensor eγα , eβγ ,  
and eγγ  have little effect on the value of other 
components, so they are set to zero. It is also as-
sumed that the components of the stress tensor 
σγα , σβγ , and σγλ slightly affect the stresses σαα , σββ ,  
and σαβ . Therefore, the elastic-deformed state is 
determined by the stresses σαα , σββ , and σαβ as well  
as the deformations eαα , eββ , and eαβ , which are con
nected by the equations of state:
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                                  a                                                        b

Fig. 5. The results of calculating the temperature field by the finite 
difference method in the uneven temperature distribution throughout 

the corrugated sheet of the design (°C): a – at the highest atmospheric 
temperatures; b – at lowest atmospheric temperatures

  

Fig. 4. The setting of loads (temperature) on the surface of 	
the corrugated metal frame (°C): a – at the highest atmospheric 

temperatures; b – at the lowest atmospheric temperatures

                                  a                                                        b

 
 

 

 
 

 
a b

Fig. 6. The results of calculating the temperature field by the finite element method in the uneven temperature distribution 
throughout the corrugated sheet of the structure (°C): a – at the highest atmospheric temperatures; 	

b – at the lowest atmospheric temperatures
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The deformation components eαα, eαβ, and eββ at an ar-
bitrary point of the frame can be represented by the main 
curvatures of the median surface and the six variables ε1, ε12, 
ε2, κ1, κ12, and κ2, which are functions of the two variables α 
and β of the median surface of the frame, and the expressions 
for their calculation are given in [33]:

e
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+

+( )1
1 1

1 1 ,

e
kββ γ
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+( )1
1 2

2 2 ,

e
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1 1
1 2

2
12 12

1 2

, 	 (10)

where k k k= +( )1 2 1 2  is the average curvature of the median 
surface of the frame.

Let the coordinate lines of the median surface fall on the 
boundary of the frame. At the boundaries with the coordi-
nates of the median surface α = 0 and α = a, we have a rigid 
fastening, and the boundaries β = 0 and β = b are free of stres
ses. Then the boundary conditions, which are given in terms 
of displacements and tensions, we write in the form:

uα α= =0 0,  uβ α= =0 0,  u aα α= = 0,  u aβ α= = 0,

σβ β= =0 0,  σαβ β= =0 0,  σβ β= =b 0,  σαβ β= =b 0. 	 (11)

According to the given algorithm, we will evaluate the 
stresses that arise in the metal frame on the values of tem-
perature fields, which are shown in Fig. 5, 6.

6. 1. The thermal stress state of the corrugated frame 
when setting the temperature at the edges of the region

Numerical studies of stresses and deformations are made 
for the values of the initial parameters that correspond to the 
geometrical dimensions of the corrugated sheet of the pipe: 
the length of the corrugation is a = 200 cm, the width of the 
eight corrugations is b = 120 cm, whereas the thickness of 
the frame of the metallic corrugated sheet is 6 mm, and the 
radius of the corrugated sheet R is 35 mm. The thermal con-
ductivity of the metal pipe of the MultiPlate MP 150 type 
is k = 45 kV/(m·°С), the elastic modulus is E = 2.1⋅105 MPa, 
the Poisson coefficient is ν = 0.3, and the coefficient of linear 
temperature expansion is α = 1.25⋅10–5 1/°С. The values of 
the distribution of the temperature field were those given in 
the previous subdivision.

Since the analytical solution of thermal elasticity equa-
tions (9) and (10) is labour-intensive, the results of the stress-
strain state of the corrugated metal frame will be determined 
by the finite element method, using the licensed software 
program FEMAP with MSC NASTRAN. Recommendations 
for calculating corrugated metal structures by the finite ele-
ment method are given in previous papers [34–39].

The finite-element model of the fragment of the corruga
ted metal frame is shown in Fig. 7.

The area of the frame is divided into two-dimensional 
finite elements of the type PLATE in the form of a quadrila
teral quadrangle (Fig. 7, a).

The number of nodes of the complete elemental model is 
810 pieces, which form 754 elements (Fig. 7, b).
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Fig. 7. The finished-element model of a fragment of 	
a corrugated metal frame: a – a four-node finite element of 
the type PLATE; b – a finite-element frame decomposition

The results of the distribution of stresses that arise at the 
highest and lowest atmospheric temperatures are shown in 
Fig. 8, a, b.

 
 

 

a

b
Fig. 8. The distribution of stresses obtained according 	
to Mises’s hypothesis throughout the corrugated metal 	

sheet (MPa): a – at the highest atmospheric temperatures; 
b – at the lowest atmospheric temperatures

The results of calculating the thermal stress state of the 
frame indicate that the maximum stress values appear at the 
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fixed edges of the frame. The values of the stresses occurring 
in the corrugated metal structure in summer are 52.55 MPa 
(Fig. 8, a), and with the temperature distribution determined 
by the measured values of temperatures in winter, the tem-
perature stresses are 61.13 MPa (Fig. 8, b).

According to the values of the stresses, we calculate de-
formations of the corrugated metal sheet of a transportation 
facility that arise in summer and winter (Fig. 9).

 
 

 

a

b

Fig. 9. The distribution of deformations throughout 	
the corrugated metal sheet (mm): a – at the highest 

atmospheric temperatures; b – at the lowest 	
atmospheric temperatures

Maximum deformations arise in areas of metal-free 
corrugated sheets that are load-free. With the measured 
highest values of summer temperatures, the deformation is  
1.61·10–3 mm (Fig. 9, a), and at the lowest atmospheric tem-
peratures in winter, the deformation is 6.14·10–3 mm (Fig. 9, b).

6. 2. The thermostatic state of the corrugated frame 
at an uneven distribution of temperatures throughout its 
surface

The results of the distribution of stresses that arise at the 
highest and lowest atmospheric temperatures, in the case of 
setting temperature values only in certain nodes of the grid 
of finite elements, are shown in Fig. 10, a, b.

The values of the stresses occurring throughout the corru-
gated metal structure in summer are 20.88 MPa (Fig. 10, a), 
and with the temperature distribution determined by the 
measured values of temperatures in winter, the temperature 
stresses are 53.94 MPa (Fig. 10, b).

The distribution of deformations occurring at a given 
temperature distribution is shown in Fig. 11.

With positive values of summer temperatures, the de-
formation is 2.21·10–4 mm (Fig. 11, a), and at the lowest 
atmospheric temperatures in winter, it is 6.87·10–4 mm  
(Fig. 11, b).
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Fig. 10. The distribution of stresses obtained according 	
to Mises’s hypothesis throughout the corrugated metal 	

sheet (MPa): a – at the highest atmospheric temperatures; 	
b – at the lowest atmospheric temperatures
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Fig. 11. The distribution of deformations throughout 	

the corrugated metal sheet: a – at the highest atmospheric 
temperatures; b – at the lowest atmospheric temperatures
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7. Discussion of the results of studying the distribution of 
temperature fields and the thermal stress state in metallic 

corrugated structures

When performing experimental studies of temperature 
distribution throughout a corrugated metal sheet, it was 
established that the temperature was distributed unevenly in 
the region of the corrugated sheet. There is a temperature dif-
ference between the lower and upper parts of the corrugated 
metal sheet. This phenomenon is due to the uneven heating 
of the corrugated sheet of a pipe one side of which is exposed 
to direct solar radiation while the other side is in the shade.

Besides, the climatic temperature influences have an un-
stable nature of action. Therefore, when designing corruga
ted metal structures, it is necessary to consider cases of  
a rapid decrease in the atmospheric temperature under a clear 
sky at night until sunrise. In addition, it is necessary to take 
into account the orientation of the structure in space relative 
to the sides of the horizon, which has an effect on the unila
teral heating of the structure.

The results of calculating temperature stresses and defor-
mations show that when the temperature is determined by 
the contour of a corrugated metal sheet, the level of tempera-
ture stresses is higher than when the temperature is set only 
in separate nodes of the finite-element model. At the highest 
temperature values, the level of temperature stresses in the 
case of setting the temperature in the contour of the sheet  
is 52.55 MPa, and when given in separate nodes of a finite- 
element grid, it is 20.88 MPa. The stress difference is 60 %.

At the lowest temperature values, the level of stresses 
in the case of setting the temperature along the contour of 
the sheet is 61.13 MPa, and when given in separate nodes of 
a finite-element grid, it is 53.94 MPa. The difference in the 
stress values is 12 %.

The results of calculating temperature stresses show 
that the level of temperature stress does not exceed the per-
missible limit of 235 MPa of the elasticity of the metal. The 
temperature stresses make up about 25 % of the permissible 
stresses, so they should be taken into account when designing 
transportation facilities made of corrugated metal structures.

When there is one-sided heating of a construction, it is 
necessary to apply calculations of temperature fields and 
stresses for a particular day of the year, which approximate-
ly corresponds to the conditions of the hottest period. In 
addition, it is necessary to make calculations of the thermal 

stress state for the spring period, with a significant difference 
between the night and daytime air temperature.

One of the disadvantages of conducting studies of tem-
perature fields and stresses occurring in corrugated metal 
structures is the failure to take into account the temperature 
distribution in the frame thickness. Therefore, the direction 
of further research development can involve taking into ac-
count the two-sided anti-corrosion coating.

8. Conclusions

1. The experimental tests on the temperature distribution 
throughout the surface of a corrugated metal sheet have shown 
an uneven distribution of temperatures throughout the region 
of the corrugated metal sheet. The temperature difference be-
tween the bottom and top sides of the sheet is +7.1 °C at the 
highest atmospheric temperatures and –5.5 °C at the lowest 
temperatures. Therefore, when calculating for such structures, 
it is necessary to take into account the uneven distribution of 
temperature throughout the surface of the corrugated sheet.

2. The distribution of the temperature field throughout 
the corrugated metal frame at the highest atmospheric tem-
peratures has revealed that the temperature on the lower sur-
face of the frame varies from +38.8 °C to +37.0 °C. Further, 
from the bottom up, the temperature gradually decreases to 
values from +29.4 °С to 32.7 °С.

At the lowest atmospheric temperatures, the temperature 
on the lower surface of the corrugated frame varies from 
–28.8 °C to –26.3 °C, and the temperature values at the up-
per boundary of the frame range from –19.4 °C to –22.8 °С. 

3. The stresses caused by atmospheric temperature fluc-
tuations reach the highest values in the case of limiting dis-
placements of the corrugated sheet at the ends. The stresses 
under given conditions of fastening the corrugated frame are 
52.55 MPa at the measured the highest temperatures in sum-
mer and 61.13 MPa at the lowest temperature values measured 
in winter. The level of stresses when combining temperature 
stresses with stresses from the action of vehicles can lead to 
premature malfunctioning of corrugated metal structures.

4. The magnitude of the stresses occurring on corru-
gated metal sheets from the temperature variations in the 
environment is up to 25 % of the permissible stresses, which 
emphasizes the need to calculate corrugated metal structures 
for climatic temperature effects.
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