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BJIIMAHUE NEPEMEHHOI'O MOAYJIA YTIPYTOCTU HA HENUHEMHOE
AEDOPMUPOBAHUE LIMITMHOPUYECKOW OBONTOYKU

B 3asucumocTH OT OTHOWEHWS MoAyNel Ynpyrocty paccMaTDUBAETCs MOBLJIeHUC
2HU3CTPONHOR LMIMHAPUIECKOH 050N0UKY NPy HECQHCPOAHOM B PanUantHOM HanpasneHuy
Harpy»eHuyu «BEeTPOBOTO» TUMA, WCCNEAYETCH RIMSIHME W3MEHsIEMOCTH BHELUHeW Harpyskv
¥ BYA2E rPaHXYHLIX YCIIOBUKA Ha TOPUaX 060N104KY H2 BeNWUMHY KPUTHYSCKOK HAarpysku.

Kmoyesble crioea: aHuzomporHasi 060/104Ka, Kpumuyeckas Hazpy3ka, nornHbit hyHKYIoHan,
nonuHomb! SpMuma, Haepyska “semposozo” muna.

Beeaenune. CoBpemeHHble TeHAEHUWWM WCNONb3OBAHWA KOMMO3ULUMOHHLIX
MaTepwanoB, B YAacTHOCTW PasHOMOAYJIbHbIX, B PAKETOCTPOEHWUW, MALLUVHO-
CTpoeHun, MepuuuvHe wu ap. obycnaenveaer HeobXoAUMOCTL NpOBEAEHWSA
LWmpoKoMacliTabHOro YUCNEeHHOro 3KCnepuMeHTa C Uenbilo aHanuia BNUsHUsS
YyKa3aHHbIX CBOWCTB KOMMO3WUWOHHOrO Martepuana Ha KpuTUHeckue Harpysku
V3roTOBIIEHHbIX U3 HEro TOHKOCTEHHbIX 0Donoyek, HaxoAsWMXCA B YCNOBUSX
CYU|eCTBEHHO HEOAHOPOAHOro HarpyXeHusi. BblleckasaHHoe onpepaensieT
aKTyansHOCTb paccMaTpvBaeMoi 3aaum.

B nocnegHee Bpemsi noseunoch Bonbwoe KonuuyecTso nybnukauwi,
CBA3aHHBIX C MOCTPOeHueM wmoaeny /AedopMUpPOBaHUA KOMMNO3MUMOHHbIX
obonoyek [1, 5], a Takxe c y4eToM 0cobeHHOCTU X AedopmuposaHns (2, 3, 6].
Mexay Tem aHanus BNUAHUA pa3HOMOAYNLHOCTU MaTepwana B COYeTaHuu
C y4eTOM HenuHerHocT AedopMUpOBaHMA OCTaeTCs HewuccriefoBaHHbIM.
B To e Bpems aHanu3 kaxp[oro M3 ykasaHHbIx aktopos [3] nokasbiBaer,
YTO UX BNWSHWE Ha KPUTWYECKWE Harpysku vi HenukenHoe nosegedune Bennxko.
HacToswas paboTa nocesieHa UCcriejoBaHNIo ykasaHHOro B3auMO4eACTBUS.

lNMocraHoBka 3afjauvM M MaTemaTndeckas Mopgenbk. Paccmatpusaetcs
Kpyroeasi uwnuHapwyeckass obonouka nop  AencTenem  HepaBHOMEDPHOIo
BHELIHero 4aBrieHus, NPON3BONbHO U3MEHSIIOWErocs B OKPY)XXHOM HanpasneHim
N Mano wu3MeHsioujerocs rno grivde obonoukn. OBonoyka w3roTosreHa
W3 OPTOTPONHOrO  Mavepwana, npu4eM OCW  OPTOTPOMUK  COBNAAaT
C HanpaBneHWsMN rNasHbIX KpWBW3H obonoukn. [nsa paccmatpusaemoro
crnocoBa  HarpyweHus xapakTenHa Manas UaMeHaeMocTh  uarubHeix  dopm
B NPOAONbHOM HanpasneHWuM U CyLEeCTBEHHas HEeNUHENHOCTL [OKPUTWMYECKOro
COCTOSIHUA 0BO0MoYKiA, NOSTOMY He0BXCAKMO BOCTONb30BATECSH COOTHOLWGHVAMA
HeNnWHeWHOW Teopuli TOHKUX ynpyrux obonoyex.

C nomoulbld BapMAUMOHHOrC NOOXOA3, uanoxeHHoro 8 [3i  koTopeiw
Nno3BoMnsieT NPOBECTU YNPOLEHWS BCEX COOTHOLWIEHWA NpyW  NOCTPOEHUN
npubnuxeHHo Mopenu, peuweHne MoOXeT ObITb MOMNy4YeHoO Kak Touka

CTaUWOHapHOCTH NONHOI0 PyHKUNOHANa

© H. W. O6opan, . M. Fasens, M. 5. Kucenes, 2013
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W3 YCNOBWS CTAUMOHAPHOCTM yHKUMOHana 3' MOXHO nonyuuTth crieaymoime
pa3peluaiowe ypasHeHs B YGCTHbIX NPON3BOLHbIX:
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MeTvon peweHusi. YuyutbiBas Mmanyl WU3MEHSIEMOCTb U3rMOHBIX hopm
B NPOAONLHOM HanpaBneHWy, peleHue 3aaauy MOXHO  annpoKCUMUPOBaTh
no NPoAONbLHOA  koopAvHaTe  HeBorblWWMM  YACNOM  Magakux  YHKUMA.
Bocnonb3yeMcsi KOHeYHO-3NEMEHTHOW annpokcumauuen nonuHomamyu 3pmnuta
TpeTben cTeneHu, kortopas obecnedynsBaeT HeNpepbiBHOCTb PYHKUMA U uX
nepBbiX npoudsogHblX. OrpaHuuumcst pacuneleHvem obonoukyu B NpoAOrbHOM

"""""""""""" H& f4Ba SremMenTa. VICHONb3ys CUMMETPWIC  KOHCTPYRUWMN
Y pelleHvst oTHocuTenbHO cevenust E=L/(2R), MOXHO PaccMOTPeTb TONbKO
OAVIH 3NEMEHT, YAOBMNETBOPMB YCIIOBUSIM CUMMETPUM
) 61y, OM ov ow & .
N,=222 902, 9V 9% 9V 0 npu £=L/(2R).
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Toraa pelleHmne 3a4a4n MOXHO NPeACcTasuTs B BUAE
UG, =U () Hy+ Uy (n) Hy +Us () Hy +Uy(7) Hy, (4)
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rae Hy=2s-3s7+1, Hy=s>-2s+s, H3=-2s> , Hy=s—5, s=2£/1,
[=L/R — 6e3pa3mepHas arvHa o6onoukw.
Ha rpaHuMyHOM KOHType annpokcumauusi (4) [orkHa YAoBNEeTBOPATb

ycrnoBusMm wapHupHoro onupanus (3). Npeacrasum pewexve U B BUAe:
u=wd) tuyHy +ugHy vy = —(I//)wf; V=vy[) +v3H5;
w= W'zllz +W3f]3, Y= yzf]z fyj’]];, (5)
8 sTom cnydae BCe rpadudHbie yCnoBus, Kpome ycnesws MG =0,
VAOBNETBOPSAIOTCA BLIGOPOM amMnnuTyn annpokcumauun. Ycnosue ana My,

™
OCTaeTca eCTecTBeHHbIM Ans dyHkUMoHana 2 . WHTerpan B BbipaxeHwn (2)
npumeT BUA
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MNoacraBum cooTHolweHus (5) B dyHKUMoHan (2), Toraa Bce yHKUWW,
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3aBUCSLYNE OT NepeMeHHon ¢ , ByayT U3BECTHbI, U MO 3TOW NEPEMEHHON MOXHO
BbINONHUTL  WHTerpuposaHue. [llonyyeHHbI  YHKUMOHAN npoBapbupyem
Mo HEW3BECTHLIM  HE3aBUCUMbIM  (PYHKUMSAM Uy, Uy, Uy, V3, Wy Wy, 1, Vs T T
1,,T,,M,,M; v NpypaBHAeM BblpaXeHUe NpyU He3aBUCUMbIX Bapuayusax Hyno,

BbINOMHWB, TakuMm 0Bpa3som, ycriosue crtayuoHapHocTU dyHKUMoHana. MNonyunm
criegyrowme ypasHeRus:
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B paHHon paboTte paccmaTpyBannCb HECKOMbKO BapWaHTOB PaHUYHbIX
YCrioBUW Ha Topuax ODONOYKM U COOTBETCTBEHHO CWUCTEM YPaBHEHWN,
aHanoriuHbix (6): '

1) 73, =0, Tj5 =0, w=0, M, =0;
2) u=0 v=0 w=0 w=0;

3) u=0, v=0, w=0, M,=0; -
4) 1y =0, v=0, w=0, w=0;

5) 77, =0, v=0, w=0, M,=0.

3apava petuaercs nyTem ceeaexns Kpaesow KELER (6)
C COOTBETCTBYIOWUMW paHNuYHbiMK  ycrioBusiMn K 3apjade Kowwm meToaom
HblOoTOHA B coveTaHny C METOAOM ABVMXEHUS NO NapameTpy Harpysku [3].

YucneHHbln aHanu3. [lpu  uncneHHOM pacyeTe paccMaTpuBanoch
HenuHeHoe pedopmupoBaHue LUMNMHAPUYECKOW 0BONOYKN nox AeNCTBUEM
Harpysku “BeTposoro” Tuna

q = qola+ Bceos ny". (8)

Ha puc. 1 npegcrasiiersi Tpadviki  3aBUCHUMOCTEA KDWTWNECKOV Harpysii
OT COGTHOWIEHWR MOAynell ynpyrcCTih B NPOACIBHOM M OKPY)KHOM Hanpasneuusx
Anst o6ornoykn ¢ reometpuen L/R=2, R/h 100 nop Harpyskon c napameTpamu

vvvvv = =051 m=6 npyn pasHoOM 3akpenneHun TOpLLOB (7). 3Ha4eHve KpUTU4ECKON

S

Harpysku g, OTHECEeHO K KPWUTWHYECKOI Harpy3ake 4Ns M30TPOnHG 0Bonoukn ¢ n [l
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Puc. 1 — 3aBUCHMOCTb KPUTUHECKOM HAarpy3kv OT COOTHOLLEHWSI MOAYTIEN YNPYrocTu

Homep KpvBOW COOTBETCTBYET HOMEPY rpaHWYHbIX YCNoBui B hopmynax (7),
WPHOW NUHWEN npueefeHa Kpusas ANs PAaBHOMEPHOrO BHELWHEro AaBrieHus
npw WapHWpHoM onupaHuu [3]. U3 rpaduka BUAHO, YTO ANA BCeX BWAOB
rpaHWYHbIX YCrOBWWA KpUTUYECKas Harpyska 3HaduTenbHO Bbllie Ans Oonee
“)KECTKOW" B OKPY>XHOM HanpasfieHun obonodku. [iNst rpaHuyHbIX yCnosui Buga 2
¥ 3 13 (7) 3Ha4YeHWe KPUTNYECKON Harpy3ku NpakTu4eckin CoBNajaeT npu Nbom
COOTHOWeHUN Moayne# ynpyroctu. [na Bonee “MArkoi” B OXPY)XHOM Hanpag-
rieHun 06onoYkun BUA rpaHUyHbIX YCrosuin cnabo BNWSET Ha 3HaYeHne KputTniec-
Kot Harpy3ku. M3 rpadukos (puc. 1) Takxe BWAHO, YTO Hanuune acumMmeTpun
B Harpy3ke 3HauvwTerbHO YCUNWBAeT BNUSHUE aHU3OTPONUKM Ha 3HayeHue
KpUTuYeckon Harpyskvu. Crienyer OTMETUTb, YTO ANA 0BOMNOYEK C rpaHnyHbIMK
ycnosusimi Buaa 1, 4 n 5 13 (7) cCooTHOWEHWE XeCTKOCTEe He BNUAET Ha chopmy
BonHooBpasoBaHua, aedopmmpoBaHne 060MN0YKN HOCUT NOKanbHbLIA XapakTep,
npuyeM MakcuMansHbld Npornd HanpasnerR BHYTPb ODONOYKW, aHanoru4Ho
cnyvaio aecdopmupoBaHns u3oTponHon obonouku [3]. Tak xe Beper cebs
oboriouka C rpaHuuHbiMA ycrnoBusimu 2 u 3 npu K /E, <1, anpu E/E; 21

aecdopmupoBaHne 000MOYKM HOCUT NOKanbHbI XapakTep, B TO BpeMs Kak
MakcuManbHbI Nporud HanpasreH Hapyxy.

Ha puc. 2-3 npuseaeHs! rpatuky 3aBACUMOCTY KDUTHUECKOR Harpysku ot ee
n3meHsiemoct (napamerpa M 8 (11)) npyn wapHupHoM (kpusasi 1) U XECTKOM
(kpuBas 2) 3akpenneHnu TopLos ANs El/'lfz‘2 =0,2 (puc. 2) u E,/E, =2 (puc. 3).
[ns BGonee "xecTkoi” B OKPYXXHOM Hanpasnexun obonouku (puc. 1) sHaueHue
KPATMYECKOW Harpy3ku 3HaUMTenbHO Bbltle, Yem Afisi Goriee “msirkoi” (puc. 2).
B oBoux cnydasix KpUTUYECKasi Harpyska 3Ha4YWTenbHO Bbille NPU XKECTKOM
3aleMIieHnyt NO OTHOLEHUIO K LLAPHUPHOMY ONUPaHuio.
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Puc. 3 — 3aRUCUMOCTR KDUTUUECKOI HArpy3KU OT ee 3MeHsemocTu npu £, /K, =2

M3 cpasHeHus puc.Z ¥ puc. 3 BUAHO, YTO X@paKTep BIWSHUS rpaHNYHbIX
yCroBWA B 3aBUCUMOCTV OT COOTHOLUEHUS MOAynel YMpyroctst coxpaHsieTcs
NPhY PAZAVUHKIX NADAMBTDAX UIMEHAEMOCTU JIEVCTBYIOLLEN HAMDY3KA.

Boisoasl. poBefeHHbIR aHanui rokasbiBaeT, YTO aHW3OTPOMUSR MexaHu-
YECKUX CBOWCTB TOHKOCTEHHbIX ODOOMOYEK CYLUECTBEHHO BNWSIET Ha 3HaveHus
KPUTNYECKMX Harpyaok npu HeoCecwMmeTpuuHOV AEpOpMaLiii ¥ Ha WX 3aBucih-
MOCTb OT rpaHuyHbIX ycrioBuid. OTHoCUTENbHOE YMEHbLUIEHVE XKECTKOCTN B OKPYX-
HOM HanpaeneHun BneuyeT 3a coboit pe3koe CHWXEeHWe KPUTUHECKUX Harpy3ok

npy HEOCECUMMETPUUYHOM Aecbopmauni.
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BMJIUB 3MIHHOIO MOAYJIA MNPYXHOCTI
HA HENMHIMHE QEGOPMYBAHHA LUUNTIHOPUYHO!I OBOJIOHKW

B 3anexdocTi BiA BiQHOWEHHS MoAyNeW MPYXHOCTI PO3rNSAAETECA MOBeMiHKa
aHi3oTponHoi uuningpuyHoi obonoHky nig Aicd HeoQHOpPIAHOTO B paAianbHoMy
HanNpsMKy HaBaHTaXeHHs “BiTposoro” ‘Tuny, [OCNINXYETLCA BNMWB  3MIHHOCTI
30BHILIHLOTO HAaBaHTAXEHHA | TUMY FPaHUYHWUX YMOB Ha TOPUSX OGONTOHKM Ha BerlMuuHy
KPUTAYHOTO HaBaHTaXEeHHS.
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INFLUENCE OF VARIABLE ELASTIC MODULUS
ON CYLINDRICAL SHELL NON-LINEAR DEFORMATION

Anisotropic cylindrical shell subjected to a non-uniform “wind”-type load
is considered. Critical loads are presented against external load variability and boundary
conditions types.

Keywords: anisotropic shell, critical load, complete functional, Hermitian polynomials,
“wind”-type load.

riaal

Probiem statement and numerical method. The circular cylindrical shell
under non-uniform external pressure is considered. Pressure is changing in a radial
direction and almost does not vary along the iength of the sheli. The sheli is made
from orthotrepyc material, and axes of orthotropy coincide with directions of main
curvatures of the shell. For this way of loading under consideration little variability
of bending forms in a iongitudinal direction and essentiai nonlinearity of subcriticai
conditions of the shell are typical, therefore it is necessary to use relationships
of the nonlinear theory of thin elastic shells.

With the help of the variaticnal approach stated in [5], which simplifies of ail
relations during creation of the approximate model, the solution can be received
as a station point of full functional.
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As long as functional ( is stationary, physical and geometricai relations
and equations of baiance and boundary conditions of the considered shell follow.
The number of unknown functions of the problem decreases in functional U , when
dependences which are obtained from physical and geometrical relations, stand.

Taking into account small variability of bend forms in longitudinal direction,
the solution of the problem can be approximated on longitudinal coordinate
by small number of smooth functions. For this purpose finite-element
approximation by Hermite third degree polynomials was used, which provides
a continuity of functions and their first derivatives.

In the given work some variants of boundary conditions at end faces cf sheli
were analyzed: ‘

1) 7)1 =0 T»=0 w=0 M,=0;
2 u=0 v=0 w=0, w=0;

3) u=0, v=0, w=0, M,=0; o
4) T =0, v=0, w=0, w=0:

5) T, =0, v=0, w=0, M, =0 .

The problem was solved by transformation of boundary value problem
with corresponding boundary conditions into Cauchy problem using Newton
methaod in combination with load parameter movement method [5].

Numerical analysis. Numerical calculation considered nonlinear deformation

of a cylindrical shell with-parameters I/R=2, R/h=100, where L,h R —
length, thickness and radius of the shell, £, I, — factors of elasticity of a material
in longitudinal and cross directions under action of loading of "wind" type
q=qola+ feosn)”with parameters a=£=05 and m =6 at different
fastening of end faces (1).

Numerical data assures that for all kinds of boundary conditions critical
lcading is much higher for shell which is more "rigid" in radial direction.
For boundary conditions of kind 2 and 3 from (1) value of critical loading
practically coincides at any value of elasticity modules. For a shell which
is "softer" in radial direction the kind of boundary conditions almost do not affect
value of critical loading. It is also evident from calculations, that presence
of asymmetiry in ioading considerabiy sirenginens influence of anisotropy
onvaiue of critical ioading. it is necessary to note, that for environments
with boundary conditions of kind 1, 4 and 5 from (1) rididity relation does
not influence the form cof wave formation. Deformation of the shell has local
character, and the maximal deflection is directed inside of the shell, similar
to the case of isotropic sheli deformations [1]. The shell with boundary conditions

210



ofkind 2 and 3 behaves similarly with £,/FE, <1, and with FE|/E, >1
deformation is local, but maximum deflection is directed outside.

Conclusions. The analysis shows that anisotropy of mechanicai properiies
of thin-walled shells essentially influences values of critical load under non-
asymmetrical deformations and on their dependence on boundary conditions.
Relative reduction of rigidity in radial direction leads to significant drop of critical
loads at non-asymmetrical deformations.
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