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Abstract: 

Development of a method for calculating the optimal mode of conducting a train in terms of energy saving meet the safety 
requirements and schedules. The method of calculation must solve the assigned tasks without significant time spent on the 

calculation. To implement this method of calculation was used a simplified model of the train as a controlled system. The 

existing mathematical and algorithmic methods for solving isoperimetric problems of finding the optimal solution in the 
presence of restrictions on resources were the information base for methodology development. Scientific works of domestic 

and foreign scientists, professional periodicals, materials of scientific and practical conferences, methodical and normative 

materials, currently in force on Ukrainian Railways. The results of these studies were used to create simulators on the 
basis of computer technology for the training of locomotive drivers. The scientific novelty of the proposed calculation 

method consists in applying the simplified calculations of the status of the train as a controlled system, without the use of 

differential equations of motion that allows to significantly increase the speed of the calculations. This, in turn, will solve 
the problems of finding optimal control in real time, taking into account changing conditions during the movement of the 

train. The practical significance of the obtained results is the use of such a calculation method that does not require 

significant time for its implementation and can be used as a subsystem of the on-board train control system capable of per-
forming calculations taking into account changes in the current train situation. 

Keywords: optimal control, modes of conducting a train, running profile of the train, driving simulators, electric traction 

motor. 
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1. Introduction 

Improving energy efficiency and achieving energy 

independence is one of the key priorities for Ukraine 

today. Energy independence is a matter of Ukraine's 

national security, and it is necessary to envisage 

mechanisms for reducing energy consumption, as 

well as implementing mechanisms aimed at stimu-

lating energy conservation and the use of renewable 

energy sources (Domin, R., et al., 2017; Burdzik, R., 

et al., 2017; Jacyna, M., et al., 2018). 

Given the high level of energy dependence of the 

Ukrainian economy, the need to introduce energy 

conservation policies is associated, first and fore-

most, with a deficit of own fuel and energy re-

sources, dependence on gas-oil exporting countries, 

the growing cost of their extraction, and global en-

vironmental problems. The greatest challenge for 

modern industrial enterprises is to improve energy 

efficiency at all stages of production, so much atten-

tion is paid to the development of modern technolo-

gies and conduct organizational, technical and eco-

nomic activities to improve energy efficiency, as 

well as to develop the energy-efficient technologies 

(Opala, M., et al., 2016; Cole, C., et al., 2017; Conti, 

R., et al., 2015). 

Effective use of energy is one of the indicators of the 

economy development, science and the socio-cul-

tural development of the nation. According to this 

indicator, Ukraine is among the countries where the 

current situation can provoke a serious economic 

crisis with the following large-scale social upheav-

als. The transport complex is closely connected with 

almost all branches of production and social sphere, 

and therefore the development trends of transport 

closely follow the general dynamics of Ukrainian 

economic development. In addition, transport, like 

some other sectors of the economy, has many inher-

ited problems from the former USSR, such as irra-

tional structure and high energy intensity. With all 

the variety of conditions and specifics of the work in 

various branches of the transport complex, the en-

ergy efficiency in general remains quite low (Aku-

lov, A. S., et al., 2017). 

One of the priority directions for ensuring stable and 

profitable operation of the railway transport, its de-

velopment and improvement is the transition to re-

source-saving technologies. Administration of 

Ukrainian Railways implements a long-term strat-

egy for the development of the energy management 

system. Railway engineers introduce new technolo-

gies, work out standards and methods for controlling 

the energy resources, apply methods to reduce the 

energy intensity of the performed work. Each re-

gional branch of the Ukrainian Railways is managed 

by energy management service, which develop and 

organize the implementation of organizational and 

technical energy saving measures; provide control 

over the use of energy and rationing of various di-

rections of their consumption. 

The optimization of train running profile is one of 

the most important measures for solving the current 

problem of saving energy resources on traction (Sa-

blin, O., et al., 2017; Sun, B., et al., 2018; Wang, X., 

et al., 2017). This paper presents the method of en-

ergy-optimal traction calculation taking into account 

the plan and track profile, characteristics of the cars, 

the traction and braking characteristics of the loco-

motive and the speed limits. 

 

2. Objective 

The purpose of the publication is to develop a meth-

odology for calculating the optimal modes of con-

ducting the train in terms of energy consumption. 

This methodology should allow the calculations to 

be performed quickly and without significant loss of 

accuracy, and the results of the calculations must 

meet the criteria for optimality, safety and ob-

servance of the train schedule (Blochinas, E., et al., 

2016; Shvets, A. A., et al., 2016; Ursulyak, L., et al., 

2017). Obviously, the use of traditional train models 

in the form of a system of differential equations of 

its motion are highly time consuming to perform the 

calculation. On the other hand, simplification of 

mathematical models can lead to significant losses 

in the accuracy of the results of the solution and even 

to the ineffectiveness of the train trajectories. The 

train trajectory means variation of train speed from 

its coordinate. In this regard, one of the given tasks 

was to investigate the possible risk of accuracy loss 

and determine the best ways to eliminate them. 

 

3. The methodology of train running trajectory 

optimization 

3.1. Building a grid 

When calculating the energy-optimal trajectory of a 

train, the method of dynamic programming can be 

used (Bellman, R. E., 1960; Blokhin, Y. P., et al., 

2007). The application of this method assumes that 

the train can only have discrete values of phase 
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states. Here, the phase states are understood as the 

speed of the train and its coordinate along the track. 

To implement this method, a grid is constructed in 

the Speed-Track coordinates. Further we'll call the 

intersection points of grid lines by nodes, and the set 

of grid nodes located vertically as a cross-section 

(Fig. 1). Obviously, only the first and last cross-sec-

tions of the grid have nodes with zero speed, because 

the first section corresponds to the departure point of 

the train from the station, and the last one corre-

sponds to the stop point of the train at the destination 

station. 

 

 
Fig. 1. Possible options of train trajectories 

 

The grid spacing along the track and speed can be 

uniform or variable. The variability of the grid step 

along the track may be caused by presence of train 

speed limits. Indeed, in this case it is convenient to 

place the cross-sections of the grid at the beginning 

and at the end of the constraints, then it will not be 

necessary to check the permissibility of the train 

speed between grid sections. At Fig. 1 broken line of 

red color shows the speed limit of the train. Obvi-

ously, all the nodes lying on the constraint lines and 

above them are inaccessible for constructing the tra-

jectory of the train. The zone of inaccessible nodes 

is marked with dashed lines. 

In the process of constructing the optimal trajectory 

of motion, changes in the phase coordinates (speeds 

and coordinates) of the train are considered only be-

tween the available grid nodes. The method of dy-

namic programming, in fact, is a method of looking 

through the options for switching between grid 

nodes. If we consider all possible variants of the 

transitions between all grid nodes, we obtain all pos-

sible options of train trajectories. Each of these tra-

jectories will have its own travel time between the 

start and end points and its energy consumption (Fig. 

1). Among the many options of the transitions be-

tween grid nodes, some are eliminated because of 

resource constraints in the traction and braking 

mode (the dashed lines on Fig. 1). As a result, only 

realizable transitions and realizable trajectories will 

remain. It is obvious that the trajectory shown in Fig. 

1 by green line, will correspond to the maximum 

train travel time (
maxT ), and the trajectory shown by 

the blue line – to the minimum (
minT ). For all other 

trajectories the following inequality holds: 

 

xmin xi xmaxT T T   (1) 

 

In this way, a finite set of train trajectories can be 

obtained; the number of phase states of the train is 

finite. Each of the obtained trajectories corresponds 

to its travel time and its energy consumption. 

In practice, it is required to obtain one train trajec-

tory, which ensures a minimum energy consumption 

for a given travel time. But because of the finiteness 

of the number of phase states of the train, it is im-

possible to obtain a trajectory, according to which 

the train's travel time will exactly conform with the 

specified travel time. Here we can only talk about 

the approximate conforming of the predetermined 

and estimated travel time, i.e.: 

 

xi xpT T T−   (2) 

 

It is obvious that the value T  directly depends on 

the grid step in speed and track. The smaller these 

steps are, the smaller variations in speeds and dis-

tances will be possible and the less inconsistencies 

between the set and calculated travel time can be 

achieved. Simply, the smaller the grid, the more ac-

curate the result could be in terms of travel time. On 

the other hand, the smaller the grid, the longer the 

calculation time is. Thus, it is worthwhile choosing 

a reasonable compromise between the accuracy of 

achieving a given travel time and the speed of calcu-

lations. 

In the process of constructing the train trajectory by 

the method of dynamic programming, several prob-

lems must be solved. The first of them is the deter-

mination of the cost of the transition between nodes 

of adjacent grid sections. The second one is to deter-

mine the possibility of a transition and the control 
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mode when moving between these nodes (trac-

tion/braking/idle running). The third is the determi-

nation of the train travel time between the nodes of 

adjacent grid sections. The fourth is the choice from 

the set of transitions the most suitable one from the 

point of view of the criterion for finding a solution. 

In this case, the criterion is: 

 

T xQ E T= +   (3) 

where:Eт – energy costs for the traction of the train; 

xT  – time of train travel;   Is the Lagrange multi-

plier.  

 

Energy consumption for electric traction means the 

amount of electricity consumed by the train during 

the travel time, for diesel traction – the amount of 

fuel consumed by the train during the travel time. 

The Lagrange multiplier for electric traction means 

the average power realized by an electric locomotive 

for the traction of the train during the travel time, 

and for diesel traction – the average fuel consump-

tion realized by the locomotive for the train traction 

during the travel time. And, finally, the fifth task is 

to choose the implementation defined in the second 

stage of the control mode. 

 

3.2. Determination of the consumption of transi-

tion between grid nodes 

In the process of constructing the optimal train tra-

jectory, it is necessary to determine the possibility of 

a transition between the grid nodes of adjacent sec-

tions. Up to now, this has been done by integrating 

the equation of train's motion by one of the numeri-

cal methods. This method allows to immediately de-

termine: the possibility of transition; the mode of 

controlling the train when going from one node to 

another; as well as the cost of this transition (energy 

consumption for the transition). However, this 

method works very slowly, firstly, because the nu-

merical integration process is not fast and, secondly, 

because in the process of searching for a transition it 

is necessary to sort out a sufficiently large number 

of options for controlling the train. Anyway, as a re-

sult, for almost every transition option, the finite 

speed is almost never equal to the speed at the final 

junction point. So, it will be necessary to introduce 

a certain threshold of the admissibility of the non-

conformity between the finite transition speed and 

the speed at the final grid node. 

To accelerate the process of determining the possi-

bility of a transition between grid nodes, another 

way is suggested. It implies the determination the 

work that locomotive must perform (in traction and 

electric braking modes or train braking system for 

pneumatic braking) to overcome the train distance 

between adjacent sections of the grid and change of 

its speed from speed in the initial node up to speed 

in the final node of transition. i.e.: 
 

L k p woA E E A= + +  (4) 

where: 
kE  – change of the kinetic energy of the 

train; 
pE  – change of the potential energy of the 

train; 
woA  – the work of the forces of the main re-

sistance to the movement of the train. The first 2 ad-

dends can be calculated exactly: 
 

2 2

f i
k t

2

v v
E M

−
 =  (5) 

p tE М g h =    (6) 

where: 
tМ  – the mass of the train; 

fv , 
iv  – speed in 

the initial and final nodes of the grid; h  – the dif-

ference in the heights of the center of train's mass as 

it moves between the sections of the grid. 

 

Regarding the work of the main resistance forces to 

the movement of the train, its precise definition is 

necessary to know train speed as a function of the 

distance covered between nodes of adjacent sections 

of the grid. 
 

( )( )wo t

0

S

oA М w v x dx=   (7) 

where: S  – distance between adjacent sections of 

the grid; ow  – the main comparative resistance force 

of train. The force of the main comparative re-

sistance of train, according to the (Grebenyuk, P. T., 

et al., 1985), is a second-degree polynomial of the 

speed: 2 2

ow av bv c= + + . In this formula, the coef-

ficients for the degrees of speed are determined by 

the type of track and rolling stock. 

 

In the simplest case
woA , the value can be defined as 

the product of the mean value of the force of the 

main train resistance at a speed at the initial junction 
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node and at the final junction node to the distance 

between adjacent grid sections, i.e. under the as-

sumption that the magnitude of the force of the main 

train resistance is constant on the track 0 S sec-

tion. 
 

( ) ( )i f

wo t
2

o ow v w v
A М S

−
=  (8) 

 

Or as a product of the main comparative resistance 

of train at an average speed in the interval 
i fv v   

( i f
av

2

v v
v

+
= ) by the mass of the train and at the 

same distance, i.e. the assumption of the constancy 

of the force of the main train resistance remains. 

 

( )wo t avoA М w v S=    (9) 

 

It's possible also to determine the value 
woA  on the 

basis of the exact average value of the force of the 

main train resistance: 
 

( )
f

i

wo t

f i

1
v

o

v

A М S w v dv
v v

= 
−   (10) 

 

It could be emphasized that all three variants assume 

that the magnitude of the force of the main train re-

sistance is constant when the train moves between 

the nodes of adjacent grid sections. 

Consider the options for calculating the main train 

resistance by the example of a train made up of 

loaded wagons on roller bearings on a CWR track. 

The main locomotive resistance, in comparison with 

the train, can be neglected. The main comparative 

resistance of train in such conditions, according to 

the rules of technical work, is calculated by the equa-

tion (Grebenyuk, P. T., et al., 1985): 

 
2

0

3 0.09 0.002
0.7o

v v
w

q

+ +
= +  (11) 

 

Consider that the wagon weight is 80t and the train 

consists of 60 identical four-axle wagons, then the 

main train resistance of the entire train in [kN] (Fig. 

2): 
 

2
''

0

2

3 0.09 0.002
(0.7 )

20 20 20

80 9.8 0.001 60

39.98 0.211 0.0047 .

v v
W

v v

= + + + 

    =

= + +

 (12) 

 

 
Fig. 2. Main resistance of train 
 

Now we will estimate the difference in the results of 

determining the work of the forces of the main re-

sistance of train according to formulas (8) and (9). 

In the calculations were considered the grid section 

lengths from 100 to 1000 m, which completely co-

vers the possible range of these values. The results 

of calculations (in MJ) for different ranges of speed 

are given in Table. 1. 

 

Table 1. Values of work made by main resistance force of train according to (8), (9), (10), MJ 

S  [m] 
10 ÷ 20 [km/h] 30 ÷ 40 [km/h] 50 ÷ 60 [km/h] 60 ÷ 100 [km/h] 

(8) (9) (10) (8) (9) (10) (8) (9) (10) (8) (9) (10) 

100 4.10 4.09 4.09 4.25 4.25 4.25 4.43 4.43 4.43 4.72 4.70 4.70 

200 8.19 8.19 8.19 8.50 8.50 8.50 8.87 8.86 8.86 9.43 9.40 9.41 

300 12.29 12.28 12.28 12.75 12.75 12.74 13.30 13.29 13.29 14.15 14.10 14.11 

400 16.38 16.38 16.38 17.00 16.99 16.99 17.73 17.73 17.72 18.86 18.80 18.82 

500 20.48 20.47 20.47 21.25 21.24 21.24 22.16 22.16 22.15 23.58 23.51 23.52 

600 24.57 24.57 24.57 25.50 25.49 25.49 26.60 26.59 26.58 28.29 28.21 28.22 

700 28.67 28.66 28.66 29.75 29.74 29.74 31.03 31.02 31.01 33.01 32.91 32.93 

800 32.77 32,76 32.76 34.00 33.99 33.98 35.46 35.45 35.44 37.72 37.61 37.63 

900 36.86 36.85 36.85 38.25 38.24 38.23 39.89 39.88 39.87 42.44 42.31 42.33 

1000 40.96 40.95 40.94 42.50 42.49 42.48 44.33 44.32 44.30 47.16 47.01 47.04 

https://www.multitran.com/m.exe?s=four-axle&l1=1&l2=2
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As can be seen from the presented results, the values 

of the work of the main train resistance forces, cal-

culated from formulas (8), (9) and (10), are practi-

cally the same in the speed range from 10 to 50 km/h 

when the speed is changed to 10 km/h and are very 

slightly different when the speed is changed to 40 

km/h (from 60 to 100 km/h). This insignificant dif-

ference can be neglected. So, considering the fact 

that the approximate (in the sense of the assumption 

of the constancy of the main train resistance on the 

interval 0 ÷ S) value of the work of the resistance 

forces can be determined by the simplest formula 

(9). 

Now let's try to find out how the form of the speed 

curve affects the amount of work of the main train 

resistance forces, which in this case must be calcu-

lated by formula (7). There could be 3 cases: 

The curve of the speed of the train passing between 

the nodes of adjacent sections has a linear form: 

 

( ) f i
lin i

v v
v x v x

S

−
= +  . (13) 

 

The curve of the speed of the train passing between 

the nodes of adjacent sections has a convex form: 

 

( ) f i
conv i

v v
v x v x

S

−
= +  . (14) 

 

The curve of the speed of the train passing between 

the nodes of adjacent sections has a linear form: 

 

( ) 2f i
conc i 2

v v
v x v x

S

−
= +  . (15) 

 

The curves of Fig. 3 are shown for the case of a 

speed change from 40 to 60 km/h at a distance of 

500 m. 
 

 
Fig. 3. Speed curves from 40 to 60 km/h on dis-

tance 500 m 
 

Do not focus on how convex or concave the speed 

curves can be, but qualitatively check the effect of 

the speed curve shape on the amount of work of the 

main train resistance forces. The results of the cal-

culations (in MJ) in comparison with the approxi-

mate calculations, which do not take into account the 

nature of the speed change, given in formula (9) are 

in Table 2. 

In this table the first 2 columns show the results for 

small (10-20 km/h) and big (60 ÷ 70 km/h) speeds 

for small (10 km/h) speed' change. Assessment of 

deviations of the values of the work forces of the 

main resistance to the motion of the train received 

taking into account the nature of the changes in the 

curve of speed, from the values obtained in an ap-

proximate formula (9) shows that with a small 

change in speed, these results are very close to each 

other at low and at high speeds. 

 

Table 2. Values of work made by main train resistance force (in MJ) according to (9) for different speed 

curves 

S  

[m] 

10 ÷ 20 [km/h] 60 ÷ 70 [km/h] 0÷50 [km/h] 

( )
0 av

Aw V  ( )
0

linAw  ( )
0

concAw  ( )
0

convAw  ( )
0 av

Aw V  ( )
0

linAw  ( )
0

concAw  ( )
0

convAw  ( )
0 av

Aw V  ( )
0

linAw  ( )
0

concAw  ( )
0

convAw  

100 4.09 4.09 4.08 4.11 4.53 4.53 4.51 4.55 4.17 4.17 4.11 4.24 

200 8.19 8.19 8.17 8.21 9.06 9.06 9.03 9.10 8.33 8.35 8.23 8.48 

300 12.28 12.28 12.25 12.32 13.60 13.60 13.54 13.65 12.50 12.52 12.34 12.72 

400 16.38 16.38 16.33 16.42 18.13 18.13 18.06 18.20 16.67 16.70 16.46 16.95 

500 20.47 20.47 20.41 20.53 22.66 22.66 22.57 22.75 20.84 20.87 20.57 21.19 

600 24.56 24.57 24.50 24.64 27.19 27.19 27.09 27.30 25.00 25.05 24.68 25.43 

700 28.66 28.66 28.58 28.74 31.73 31.73 31.60 31.85 29.17 29.22 28.80 29.67 

800 32.75 32.76 32.66 32.85 36.26 36.26 36.12 36.40 33.34 33.40 32.91 33.91 

900 36.85 36.85 36.75 36.95 40.79 40.79 40.63 40.95 37.50 37.57 37.02 38.15 

1000 40.94 40.94 40.83 41.06 45.32 45.32 45.15 45.50 41.67 41.75 41.14 42.39 

Difference [%] 0.007 -0.273 0.289  0.007 -0.381 0.394  0.181 -1.297 1.687 
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The third column shows the results for a large speed 

increment. The results shown in the 3-th column 

shows that even in this case, the variance of the re-

sults obtained, taking into account the nature of the 

curve speed, results in an approximate formula (9) 

differ by less than 2%. 

Let's consider one more option – transition between 

the nodes having the same speed. If the speed re-

mains constant during the transition between such 

nodes, the expression 
ow  becomes a constant and 

the legitimacy of applying expression (9) to deter-

mine the work of the forces of the main resistance to 

motion is beyond doubts. But the speed between the 

grid nodes can vary so that at the initial and final 

nodes of the transition it is the same, and between 

the nodes the velocity curve can be convex or con-

cave. Consider these two cases in detail for the pur-

pose of elucidating the effect of the curvature of the 

speed curve on the calculation results 
woA  when 

moving between nodes with the same speed. 

Let the speed variation curve between the grid nodes 

be described by the expression: 

 

( ) 2

s2

4 4
1

а а
v x x x v

S S

 
=  −  +  
 

 (16) 

 

where: а  – coefficient determining the speed devi-

ation in the center of the interval 0 S  of the speed 

in the initial and final junction node. With a negative 

value the а  speed curve is convex, with a positive 

curve – concave. For the value 0.1а =   and 

c 60v =  km/h on Fig. 4, a speed variation curve is 

constructed. With these parameters, the largest value 

of the speed achieved in the middle of the interval is 

equal to 66 km/h, and the smallest – 54 km/h. 

 

 
Fig. 4. The speed curve for the value 0.1а =   and 

Vc = 60 km/h 

 

Now let's determine the amount of work of the force 

of the main resistance to the movement of the train 

according to expression (7), taking into account the 

curvature of the velocity curve (Table. 3). 

As you can see from the results, in this case the 

greatest deviation in calculation results of the main 

resistance forces to motion, obtained taking into ac-

count the curvature of the curve speed results in an 

approximate formula (9) does not exceed 2%. 

Thus, if it meets a possible deviation of the results 

of about 2%, the work of the resistance forces to mo-

tion can be determined from the approximate for-

mula (9). 

 

Table 3. Values of work made by main train resistance force (in MJ) according to expression (7) for differ-

ent speed curves 

S  

[m] 

20 [km/h] 60 [km/h] 100 [km/h] 

( )0 avAw V  ( )0 concAw  ( )0 convAw  ( )0 avAw V  ( )0 concAw  ( )0 convAw  ( )0 avAw V  ( )0 concAw  ( )0 convAw  

100 4.13 4.12 4.14 4.48 4.44 4.52 4.95 4.86 5.04 

200 8.26 8.24 8.28 8.96 8.88 9.04 9.89 9.72 10.07 

300 12.39 12.36 12.42 13.44 13.32 13.57 14.84 14.58 15.11 

400 16.52 16.48 16.56 17.92 17.76 18.09 19.79 19.45 20.14 

500 20.65 20.60 20.70 22.40 22.20 22.61 24.73 24.31 25.18 

600 24.78 24.72 24.84 26.88 26.64 27.13 29.68 29.17 30.22 

700 28.91 28.84 28.98 31.36 31.08 31.65 34.63 34.03 35.25 

800 33.04 32.96 33.12 35.84 35.52 36.17 39.57 38.89 40.29 

900 37.17 37.08 37.26 40.32 39.96 40.70 44.52 43.75 45.33 

1000 41.30 41.20 41.40 44.80 44.40 45.22 49.47 48.61 50.36 

Difference [%] -0.235 0.237  -0.904 0.919  -1.759 1.774 
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3.3. Determine the ability of transition between 

grid nodes and the control mode 

The possibility of a transition between nodes of ad-

jacent grid sections should be determined at the first 

stage of solving the problem of obtaining an energy-

optimal train trajectory. The possibility of transition 

means feasibility. Each locomotive has limited train 

control resources, so the feasibility of control means 

the application of such a control that does not exceed 

the resource of the locomotive. 

 

3.3.1. Restrictions on the train control 

Firstly, consider the limitations concerning train 

control. The control of the train's movement means 

the application of the traction mode and the braking 

mode by the driver, i.e. an artificial and purposeful 

change of the train's phase state. The idling mode 

(idle running) also changes the phase state of the 

train, but is neither artificial, nor purposeful, because 

in this case the change of the phase state occurs with-

out the intervention of the driver, due to the action 

of natural causes. So, only 2 modes of train move-

ment control are possible – traction mode and brak-

ing mode. The main braking mode is pneumatic 

braking of the train, although some locomotives 

have an electric brake (rheostatic or regenerative). 

Thus, it is possible to construct the zones of train 

control limitations in coordinates Force-Speed. For 

DC locomotives the traction force limitation zone is 

divided into parts in accordance with the traction 

motor connection diagrams (S – series, SP – series-

parallel and P – parallel motor connection). 

Admissible control in the traction mode can be lim-

ited from above, for example, by constraints on cou-

pling and weakening of the field. It is possible to 

construct a curve limiting the traction force from be-

low based on the minimum traction current at which 

the efficiency has not too small value. And it is pos-

sible, using electromechanical characteristics of the 

locomotive traction electric motor, to allocate some 

acceptable level of motor efficiency and on the curve 

of the dependence of the efficiency from the motor 

traction current to determine the range of traction 

current (
dmin dmaxI I ), and according to the depend-

ence of the motor traction force from current – the 

range of the motor traction force (
dmin dmaxF F ) and, 

then, the range of the total traction force of locomo-

tive.  

It should be noted at once that while the control of 

the locomotive traction in the zone with big values 

of the traction motor efficiency reduces the losses of 

energy, but does not guarantee a reduction of power 

consumption for the traction of the train throughout 

the track section, because in this case, it will be nec-

essary to use for the acceleration of the train either 

longer or more frequent traction modes. 

During driving of trains equipped with pneumatic 

braking to necessary extent in order to adjust the 

speed of the train it is applied almost every time (ex-

cept braking on stops and steep descents) the brake 

step with inhibition of braking system in the summer 

time for loaded trains – 0.7-0.6 ATM, for empty 

ones – 0.6-0.5 ATM (Grebenyuk, P. T., et al., 1985). 

Using these ranges of brake system discharge, it is 

possible to calculate the curves that limit the zone of 

possible braking forces. 

Electric braking is mainly used to stabilize or limit 

the growth of the train's speed on long descents. The 

use of pneumatic braking in such situations, espe-

cially for loaded freight trains, leads to a significant 

reduction in speed due to the fact that the processes 

occurring in the braking system of the train are ra-

ther slow. Consequently, the use of pneumatic brak-

ing to stabilize the speed of the train leads to a use-

less and excessive loss of its kinetic energy. The use 

of electric braking of the locomotive (especially re-

generative) allows to achieve a smooth reduction or 

stabilization of the speed and can reduce the power 

consumption. Therefore, it should be used in those 

cases where there is no need to significantly reduce 

the speed of the train. 

 

3.3.2. Train control mode 

Then, consider the choice of the train control mode 

during navigation between nodes of adjacent grid 

sections. Earlier it was shown (see formula 4) how 

to obtain the value 
LA  of the locomotive work or the 

brake system of the train for the transition between 

the grid nodes. Obviously, this work is connected 

with the traction and braking forces: 

 

( )

( )

t

0

L

b

0

,  traction

,  braking

S

S

F x dx

A

F x dx





= 








. (17) 

 

From this equation one can determine the traction or 
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braking force as a function of the track: 

( ) LdA
F x

dx
=  (18) 

 

or the average value of the force on the track seg-

ment 0÷S: 
 

L
av

A
F

S
=  (19) 

 

Concerning running mode. In this mode, expression 

(4) should take the following form: 
 

k p wo 0E E A + + =  (20) 

 

So, the sum of the changes of the kinetic and poten-

tial energies should be compensated by the work of 

the forces of the main resistance to the movement of 

the train. Nevertheless, this condition cannot be ful-

filled practically never. Therefore, in order to imple-

ment the idle running mode, it is necessary to intro-

duce a certain threshold on force 
0F . And, if the 

force obtained from the expression (19) does not 

reach the threshold, the idle running mode can be 

used. In this case, the deviation of the final speed 

from the velocity in the final grid node should not 

exceed 
0v . 

When performing a transition between nodes of ad-

jacent grid sections with equal speed the 
iv  

fv  ratio 

between speeds is equal to: 
 

2 2

f i 2v v aS= +  (21) 

 

If the transition is possible in the idle running mode, 

the acceleration (deceleration) is equal to: 
 

i o

t

W W
a

М

+
=  (22) 

where: 
iW  – resistance force to train movement 

from the slope of the track or downhill, 
oW  – the 

main resistance force. 
 

Takin this into consideration: 
 

2 2 i o
f i

t

2
W W

v v S
М

+
= +  (23) 

 

Now suppose that in addition to the 2 mentioned 

forces, another force acts on the train 
0F . Then the 

final speed should change: 
 

*2 2 i o o
f i

t

*

f f

2
W W F

v v S
М

v v v

+ +
= +

= +

 (24) 

 

After some transformations finally, we can get: 

 

( )f

o t

2

2

v v v
F М

S

  +
=  (25) 

 

The deviation of the final speed from the speed at 

the end point can be either upward or downward. 

Hence, the force 
0F  can be both positive and nega-

tive: 

 

( )f

o t

2

2

v v v
F М

S

 +  +
=  (26) 

( )f

o t

2

2

v v v
F М

S

 − −  −
=  (27) 

 

Thus, if as a result of the transition between the two 

nodes, an average force is obtained av oF F , then 

the deviation of the final speed ( *

fv ) of the speed in 

the final grid node (
fv ) does not exceed the value 

ov , i.e.: 

 
*

f fv v v−   (28) 

 

Thus, one can determine the feasibility of the transi-

tion between the grid nodes, and the control mode 

during this transition. If the average force does not 

fall into any of the zones of admissible controls, such 

a transition is not considered as possible. If 
avF  the 

value falls into the zone of pneumatic braking, in this 

case the control is reduced to the application of the 

brake step, for which the range of forces of pneu-

matic braking is calculated. If 
avF  the value falls 

into the zone of electric braking, it is necessary to 

check additionally whether it can be realized in the 

entire speed range ( i fv v ). If the speed falls into 
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the run-out zone, then the idle mode of the locomo-

tive should be applied. If 
avF  the value falls into the 

traction zone, it is also necessary to check the possi-

bility of realizing the traction force in the speed 

range (
i fv v ). As the majority of locomotives use 

step regulation of traction force, once the question 

of the application of the traction mode become re-

solved positively, we should separately decide on 

the application of certain steps of force regulation. 

 

3.4. Determination of the train travel time be-

tween the grid nodes 

The question of the time spent on the transition be-

tween nodes of neighboring grid sections, which at 

first sight seems simple, actually requires special at-

tention, due to direct connection with evaluation of 

the criterion of finding a solution (see formula 3). 

Providing the grid were built in coordinates Speed-

Time, then the problem of determining the transition 

time would be solved automatically. But in this case, 

when searching for possible transitions between 

nodes of adjacent grid sections, only the initial and 

final speed and the distance between the grid sec-

tions are known. 

In the simplest case, the transition time can be deter-

mined from the average transition speed: 

 

k

i,j
2i j

S
t

v v
=

+
 (29) 

where: 
k

i,jt  – time of transition from i node k section 

in th j node of the next section. However, the nature 

of the speed' change is not taken into account here 

(see Fig. 1). 
 

Let's estimate the effect of the curvature of the speed 

curve on the transition time between the nodes of ad-

jacent grid sections. Let the speed at the transition 

from i th node in j varies from 
iv  before 

fv  on a 

segment of the track between adjacent grid sections 

of length S . The speed variation curve is described 

by the expressions (30)-(32). These are illustrative 

examples that used to show the influence of the form 

of speed curve on motion time between two nodes: 

– the speed curve has a linear form: 

( ) f i
lin i

v v
v x v x

S

−
= +  , (30) 

 

– the speed curve has a convex shape: 

( ) f i
conv i

v v
v x v x

S

−
= +  , (31) 

– the speed curve has a concave shape: 

( ) 2f i
conc i 2

v v
v x v x

S

−
= +  . (32) 

 

The transition time between nodes is determined 

from the following considerations: 
dx

v
dt

= , from 

where: 

 

( )0

S
dx

t
v x

=  . (33) 

 

Let's compare the values of the transition time be-

tween nodes with a change in speed in accordance 

with expressions (30-32) with values obtained from 

the average speed of movement, i.e.: 

 

i f

2S
t

v v
=

+
. (34) 

 

After integrating expression (33), we obtain formu-

las for calculating the travel times, taking into ac-

count the curvature of the speed curve: 

 

f
lin

i f i

ln
S v

Т
v v v

=
−

. (35) 

( )

( )

f i
f i

ii f i

conc

i f
f i

fi f i

,

,

S v v
arctg v v

vv v v
Т

S v v
arcth v v

vv v v

  −
   −  

= 
 −
   −  

 (36) 

( )
f

conv f i2

ii f

1
S v

Т v v ln
vv v

  
= −  +   −   

. (37) 

 

The train travel times was determined using the for-

mulas (34) and (35-37), when distances varied from 

100 to 1000 m and with various changes in speed. 

Results are given in tab. 4.  

These results show that only at high speed of train 

and with a small change of it (column 2) results of 

the transition time on the basis of an approximate 

formula (34) and formulas, taking into account the 
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curvature of the speed are close to each other. In 

other cases, the results are very different. 

Tabl. 5 shows the results of determining the train 

travel times at the initial speed 50 km/h and finite, 

varying from 0 to 90 km/h on distance 500 m. 

In the 3 right-hand columns of this table, the devia-

tions of train travel times are calculated taking into 

account the curvature of the speed curve with respect 

to the results obtained from the approximate formula 

(34). On the basis of the deviation values, it is seen 

that only when the speed is ±10 km/h relatively to 

the initial speed, deviations of the travel times are 

within ±5%. With large changes in speed, deviations 

become unacceptable. 

Thus, for small train speeds and for large changes, 

the train travel time between the grid nodes can not 

be determined by the approximate formula (34). In 

the region of low speeds, the grid speed step can be 

smaller than at large ones, i.e., to improve the accu-

racy of calculations it is expedient to use a grid with 

variable step along the speed axis. On the other 

hand, in order to prevent the occurrence of signifi-

cant changes in the speed of movement, we should 

reduce the grid step along the track. 

 

4. Results of the developed method application 

Training of the locomotive drivers for safe and effi-

cient operation is an important aspect for assuring 

the of freight carriage that greatly affects their cost. 

The largest networks of railways use the simulators 

quite actively to achieve this goal. On the Simulator 

we can specify and analyze modes of conducting 

train on section, create emergency situations in the 

train work as well as gain a range of skills that can 

only be obtained on Simulator. 

 

Table 4. The travel times of the train moving over a distance of 100 to 1000 m with various changes in 

speed 

S  

[m] 

10 ÷ 20 [km/h] 60 ÷ 70 [km/h] 10 ÷ 60 [km/h] 40 ÷ 90 [km/h] 

( )avT v  

[s] 

linT  

[s] 

concT  

[s] 

convT  

[s] 

( )avT v  

[s] 

linT  

[s] 

concT  

[s] 

convT  

[s] 

( )avT v  

[s] 

linT  

[s] 

concT  

[s] 

convT  

[s] 

( )avT v  

[s] 

linT  

[s] 

concT  

[s] 

convT  

[s] 

100 24.0 25.0 28.3 22.1 5.5 5.5 5.7 5.4 10.3 12.9 18.5 9.2 5.5 5.8 6.8 5.1 

200 48.0 49.9 56.5 44.2 11.1 11.1 11.4 10.8 20.6 25.8 37.0 18.5 11.1 11.7 13.5 10.1 

300 72.0 74.9 84.8 66.3 16.6 16.6 17.1 16.2 30.9 38.7 55.6 27.7 16.6 17.5 20.3 15.2 

400 96.0 99.8 113.1 88.4 22.2 22.2 22.8 21.6 41.1 51.6 74.1 37.0 22.2 23.4 27.1 20.2 

500 120.0 124.8 141.4 110.5 27.7 27.7 28.5 27.0 51.4 64.5 92.6 46.2 27.7 29.2 33.9 25.3 

600 144.0 149.7 169.6 132.6 33.2 33.3 34.2 32.4 61.7 77.4 111.1 55.4 33.2 35.0 40.6 30.3 

700 168.0 174.7 197.9 154.7 38.8 38.8 39.9 37.8 72.0 90.3 129.6 64.7 38.8 40.9 47.4 35.4 

800 192 199.6 226.2 176.7 44.3 44.4 45.6 43.3 82.3 10.,2 148.2 73.9 44.3 46.7 54.2 40.5 

900 216.0 224.6 254.5 198.8 49.8 49.9 51.3 48.7 92.6 116.1 166.7 83.2 49.8 52.5 60.9 45.5 

1000 240 249.5 282.7 220.9 55.4 55.5 57.0 54.1 102.9 129.0 185.2 92.4 55.4 58.4 67.7 50.6 

Difference 
[%] 

3.97 17.81 -7.94 
 0.20 2.85 -2.38  25.42 80.04 10.17  5.42 22.24 -8.67 

 

Table 5. The train travel times at the initial speed 50 km/h and finite, varying from 0 to 90 km/h on distance 

500 m 

fv  [km/h] 
iv  =50 [km/h] 

( )avT v  [s] 
linT  [s] 

concT  [s] 
convT  [s] 

linT  [%] 
concT  [%] 

convT  [%] 

0 70.6 96.2 219.8 143.7 36.2 211.4 103.6 

10 60.0 58.1 91.1 72.4 -3.9 51.8 20.7 

20 51.4 47.9 63.3 55.0 6.8 23.0 6.9 

30 45.0 42.4 49.9 46.0 -5.7 10.8 2.6 

40 40.0 38.7 41.7 40.2 -3.2 4.2 0.4 

50 36.0 36.0 36.0 36.0 0.0 0.0 0.0 

60 32.7 33.9 31.8 32.8 3.4 -2.8 0.3 

70 30.0 32.1 28.6 30.3 7.0 4.7 0.9 

80 27.7 30.6 26.0 28.2 10.6 6.1 1.8 

90 25.7 29.4 23.9 26.5 14.2 -7.2 2.9 
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Calculation method described here, in terms of opti-

mum energy consumption, the trajectory of the mov-

ing of train and control modes implemented is one 

of the subsystems of the Simulator. This technique 

made it possible to determine well-implemented 

train control modes with insignificant deviations 

from a given train time. 

During training task an apprentice (Driver) sees en-

ergy-saving travel path, which appears at the bottom 

of the screen (only in the mode of study travel) (Fig. 

5). 

Before the trip, the instructor can calculate the 

modes for the selected train and section. The calcu-

lation is carried out taking into account information 

about the traffic area, the train, the locomotive and 

the traffic schedule. And, if all the stations are listed 

in the schedule, the calculation is carried out with 

observance of all the section running times. If the 

schedule part of the stations (or missing everything 

except the departure station and the station of desti-

nation), the span between these timetabling stations 

optimized to generate additional savings of energy. 

The results of the calculations are the modes of 

trains on the section and changes in the speed of 

movement, which are presented in a graphical form 

(Fig. 6). Control modes are displayed on the chart in 

different colors. Blue colour – draft, green – run-out, 

red – pneumatic braking. 
 

 
Fig. 5. The screen of the monitor during the travel 
 

 
Fig. 6. The result of calculation of train conducting modes 
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According recommended trajectory of graph (Fig. 

6), the broken line shows the speed limits. The bot-

tom part of the window shows the relief, location of 

stations and curves in the profile of the railway sec-

tion selected for training ride. The header of the win-

dow shows (Fig. 6) the obtained travel time, the 

travel time according to the schedule and the energy 

consumption. During the study trip, the driver, ad-

hering to the trajectory of the train, has the oppor-

tunity to improve his experience in saving energy 

spent on traction 

 

5. Conclusions 

The scientific novelty of the proposed calculation 

method consists in applying the simplified calcula-

tions of the state of the train as a controled system, 

without differential equations of movement that al-

lows to significantly increase the speed of the calcu-

lations. This, in turn, will solve the problems of find-

ing optimal control in real time, taking into account 

changing conditions during the movement of the 

train. The practical significance of the obtained re-

sults is the use of such a calculation method that does 

not require significant time for its implementation 

and can be used as a subsystem of the on-board train 

control system capable of performing calculations 

taking into account changes in the current train situ-

ation. The results formed the basis of the hardware 

and software complex "Driver Simulator". 

Based on the study on the selection of energy-opti-

mal modes of train operation, the following conclu-

sions can be made: 

1) The use of simplified mathematical models of 

the train movement is fully applicable for solv-

ing the posed problems. 

2) The refusal to use the systems of differential 

equations describing the movement of the train 

made it possible to substantially reduce the time 

spent on performing the calculations. 

3) Taking into account the peculiarities of calculat-

ing the components of the total energy con-

sumption for the movement of the train does not 

lead to significant losses in the accuracy of the 

calculations and allows to obtain realizable 

modes of train conducting. 

This technique can be used to perform calculations 

of energy-optimal modes of conducting a train in 

training systems such as "Driver simulator". 
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