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OPTIMAL STRUCTURAL RESERVATION OF TECHNICAL SYSTEMS

Purpose. The purpose of the article is to give designers of highly reliable technical systems that do not have special
knowledge in the field of optimization and programming skills, a simple and accessible mathematical tool for choosing
the optimal solution for structural redundancy of systems. Methodology. The article poses the problem of optimal
structural redundancy of technical systems. Two typical redundancy schemes are considered: a) a separate «hot» back-
up scheme; b) a separate «cold» backup scheme. The computational models for estimating the reliability of redundant
systems are formulated. We offer optimization models that allow us to find a rational option for reserving a system that
is being designed, taking into account conflicting requirements for its reliability and cost. These models are numerically
implemented in the operating environment of the Excel spreadsheet as applied to the main object, consisting of 7 ele-
ments. The optimal variants of reserving this object according to the «hot» and «cold» separate reservation schemes are
given. Findings. Calculated models for estimating reliability, as well as models for optimizing the systems reserved for
the «hot» and «cold» separate backup schemes, have been developed. With the use of the Excel spreadsheet, the opti-
mal options for reserving 7 element objects are found for separate «hot» and «cold» backups. Originality. New com-
putational models for estimating the reliability of redundant systems are proposed, as well as optimization models de-
veloped on the basis of these, which are formulated using the decomposition of unknown initial problem of structural
redundancy into binary components. In this case, the obtained optimization models belong to the class of problems of
non-linear mathematical programming with binary variables, for the numerical solution of which (even for a sufficient-
ly large dimension) well-known packages of applied computer programs, in particular, the MS Excel spreadsheet, are
well adapted. Thus, the process of solving the initially very complicated problem of optimal structural redundancy
is much simpler and reduced to performing elementary actions in the corresponding software interfaces.
Practical value. The proposed calculation models for estimating the reliability of redundant systems, models for opti-
mal structural redundancy, and the methodology for their formation, in order to simplify further numerical implementa-
tion, can be useful in solving problems of ensuring the reliability of technical systems in the early stages of their design.
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cost of designing and manufacturing the system [1,

Introduction 3, 10]. Therefore, the reliability of technical sys-

Inadequate design reliability of technical sys-
tems leads to a significant increase in the share of
operating costs in total expenditures for their de-
sign, fabrication and application. At the same time,
the cost of operation can many times exceed the

tems should be ensured, first of all, at the design
stage [2, 12, 13].

One of the main methods for ensuring the relia-
bility of the technical systems being designed is the
method of structural redundancy [6-8], which in-
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volves the use of redundant elements in the system.
The essence of structural redundancy lies in the
fact that in addition to the main (reserved) object
containing the minimum required number of ele-
ments for the normal performance of the system's
functions, in the system structure the additional
identical (in terms of performed operational func-
tions and reliability) elements are introduced.
These redundant elements are designed to perform
the work functions of the main elements. Thus,
a system with redundancy is a system containing
redundant structural components with respect to
being reserved object that perform the same work
functions as the corresponding components of the
main object. The redundant system remains opera-
ble after subsequent failure of any element if the
number of operable elements does not become less
than the minimum required number provided for
by regulatory requirements for the main object.
The problem of rational choice of one of the
several variants of the system composition always
arises during the structural redundancy. On the one
hand, to increase reliability it is desirable to pro-
vide each of the system elements with maximum
possible number of redundant elements, and, on
the other hand, it is impossible to design a system
with too large cost, weight or dimensions. There-
fore, the actual task is how to reserve the system in
such a way as to provide the required level of sys-
tem reliability at acceptable costs. The choice of
the cost characteristic is determined by the type of
the system and its purpose. For example, for air-
crafts the essential factor is weight, and for the
ground system — the cost. Regardless of the physi-
cal essence, the selected cost characteristic for
brevity below will be referred to as cost. Usually,
the problems of optimal structural redundancy of
technical systems are formulated as non-linear
programming problems, and to solve them, de-
pending on the complexity and required accuracy,
the special algorithms are used. They are based
primarily on the dynamic programming method
[6]. In this article, the initial optimization model is
represented in terms of the problem of non-linear
integer programming with binary variables, which
greatly simplifies its numerical implementation.

Purpose

The purpose of the article is to give the design-
ers of highly reliable technical systems that do not

know modern optimization methods and program-
ming skills, a simple mathematical tool for choos-
ing the optimal structure of a redundant system.

Methodology

During problem definition of the optimal struc-
tural redundancy, the main object is considered as
a system consisting of N of various elements that
have a coherent connection [4] (see Fig. 1).

- 1 2 —-— n

Fig. 1. Structural diagram of reliability
of the main object

As the main indicator of reliability of the re-
dundant system, the probability of its fail-safe op-
eration is assumed. It is believed that the failure
flow of elements put into operation is described by
the Poisson arrival [5]. Possible variants of the
main object redundancy are limited to the consid-
eration of typical schemes of separate «cold»
backup with an integer multiplicity with an ideal
switch (see Fig. 2) and «hot» backup with parallel
connection of elements (see Fig.3) [7].

Main element

-~

Redundant elements

Fig. 2. Structural scheme of reliability at «cold» backup

Main element

| r ||

Redundant elements

Fig. 3. Structural scheme of reliability at «hot» backup
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Note that, taking into account the assumptions
made, the probability of failure-free operation of
the redundant group of elements, the scheme of
structural reliability of which is shown in Fig. 2, is
determined by the Erlangian formula [5, 9]

P =y L, &)
i=0 -

and the formula for calculating the probability of
failure-free operation of a redundant group of ele-
ments, the structural scheme of reliability of which
is shown in Fig. 3, has the form

P(t)=1-(1-e™)™, )

where A — is the failure rate of the element put
into operation; r — is the redundancy rate.

Let us introduce the following designations: A, —
is the failure rate of the element of the K -th type
put into operation; m — is the maximum allowable
redundancy rate of main elements; c, — is the cost
of one element of the k -th type; x,; — is the binary
variable, equal to 1, if the number of redundant
elements of the k -th is equal to i, and x, =0, f
the number of redundant elements of the k -th type
is not equal to i; p, (t) —is the probability of fail-
safe operation of the main element of the k -th
type, over the time t

p (1) = e,

Let us consider a redundant group of elements,
consisting of the elements of the k -th type. Taking
into account the introduced designations, the prob-
ability of failure-free operation of a redundant
group at «cold» backup is estimated by formula

m i j
Rty =e > Y x, L) @)

i=0 j=0 J!

and when using the «hot» backup scheme, this
probability is represented as follows

R =Y xl-A-e™)y]. @

i=0 j=0
With neglect of the cost of switching equipment

in case of «cold» backup, the cost of the redundant

group consisting of the elements of the K -th type in
both backup schemes can be found using formula

ck=i(i.ck-xki), k=12,.,n. (5)

i=0

Taking into account the coherent connection of
the main elements and the product rule, the proba-
bility of failure-free operation and the cost of the
entire redundant system are determined as follows:

RO =] [P (6)
k=1

c.()=3cC,. @)
k=1

where X — is the matrix describing composition
of the elements of the redundant system

X0 X1 - Xqm

Xog Xop .
X = 20 21

and the probabilities P, (t)are determined using
formulas (3) and (4) depending on the backup
scheme used.

In terms of the mathematical programming prob-
lem, the following two typical statements of the task
of optimal structural redundancy are possible.

The problem 1: it is required to find the compo-
sition of redundant elements (matrix elements X))
that provides the required level of system reliabil-
ity for a given time at the lowest possible cost

C,(X) —> min
P.(X,)>P", te[0,T]; (8)
m
Zin =1 k=12,.,n
i=0
The problem 2: it is required to find the compo-
sition of redundant elements, which provides the

highest possible level of system reliability for
a given time T , with a restriction on its cost

P, (X,t) —> max
C.(X)<C"; te[0,T]; (9)

m
D %i =1 k=12,.,n
i=0

The optimization models (8) and (9) have di-
mensions nxm and belong to the class of prob-
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lems of integer nonlinear programming with binary
variables. The model (8) was numerically realized
for cases of «cold» and «hot» separate backup us-
ing the MS Excel Solver add-in. The problem was
solved with the following initial data: n=7;

m=10; P"=0,999; T =10000 h. The failure rates
and cost of elements were taken using Table 1.

The optimal values of the unknowns x,; in cas-

es of «cold» and «hot» backup are found in Tables,
respectively, 2 and 3, and the corresponding struc-
tural diagrams of the system reliability are shown
in Figures 4 and 5. The calculated reliability esti-
mates and the cost of the optimal system for
«cold» and «hot» backup are listed in Table 4.

Table 1 Table 2
Initial data Optimal parameters of the «cold» backup
Number of Failure rate Cost Kii 0 1 2 3
element (hour?) (thous. UAH) 1 0 1 0 0
1 0.02-10% 25 ? 0 1 0 0
2 0.014-10* 52 3 0 0 1 0
3 0.09-10°* 12 4 0 0 1 0
4 0.30-10* 17 5 0 0 1 0
5 0.11-10* 29 6 0 1 0 0
6 0.01-10* 43 7 0 0 1 0
7 0.07-10* 34
Table 3
Optimal parameters of the «hot» backup
k\i 0 1 2 3 4 5 6
1 0 0 1 0 0 0 0
2 0 0 1 0 0 0 0
3 0 0 0 1 0 0 0
4 0 0 0 0 0 0 1
5 0 0 0 0 1 0 0
6 0 0 1 0 0 0 0
7 0 0 0 0 1 0 0
Table 4
The reliability parameters and the cost of optimal system
Backuptype | p, P2 Ps P4 Ps Ps P/ Ps Cs
cold 0.99982|0.99995 (0.99982 | 0.99983|0.99981 | 0.99992 1 0.99993|0.99908| 533
hot 0.999990.99999 | 0.99994 | 0.99992 | 0.99988 | 0.99999 | 0.99997|0.99971| 718
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Fig. 4. Optimal structural scheme of the system reliability with «cold» redundancy
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Fig. 5. Optimal structural scheme of the system reliability with «hot» redundancy

Findings

The calculated models for estimating reliabil-
ity, as well as the optimization models for the re-
dundant systems according to the «hot» and
«cold» separate backup schemes, have been de-
veloped. The optimal options for reserving the
7 element object at separate «cold» and «hot»
backup using the Excel spreadsheet were found.

Originality and practical value

New calculation models for estimating the re-
liability of redundant systems are proposed, as
well as the optimization models developed on
their basis, which are formulated using the un-
known decomposition of initial problem of struc-
tural redundancy into binary components. The
obtained optimization models belong to the class
of problems of non-linear mathematical program-
ming with binary variables, for the numerical so-
lution of which (even for a sufficiently large di-
mensions) the well-known packages of applied
computer programs, in particular, the MS Excel
spreadsheet, are well adapted. Thus, the process of
solving the initially very complicated problem of
optimal structural redundancy is greatly simplified

and reduced to performing elementary actions in
the corresponding programming interfaces. The
proposed calculation models for estimating the
reliability of redundant systems, the models of
optimal structural redundancy, and the methodol-
ogy for their formation in order to simplify further
numerical implementation can be useful in solving
the problems of ensuring the reliability of tech-
nical systems at the early stages of their design.

Conclusions

The results obtained in the article using the
specific examples show the efficiency and suffi-
cient generality of the considered approach to
solving the problems of optimal structural redun-
dancy. The optimization models (8) and (9) be-
long to the class of non-linear programming prob-
lems with binary variables and are easily imple-
mented numerically in the operating environment
of the Excel spreadsheet. The obtained calculation
models for estimating the reliability of redundant
systems (3) — (6), the models for optimal structur-
al redundancy (8) and (9), and the methodology
for their formation can be used in practical prob-
lems of ensuring the reliability of technical sys-
tems at the early stages of their design.
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OIITUMAJVIBHE CTPYKTYPHE PE3EPBYBAHHA TEXHIYHUX
CUCTEM

Meta. OcHOBHa MeTa CTaTTi — JJaTH MPOEKTYBAJIIbHUKAM BHCOKOHAIIITHUX TEXHIYHUX CHUCTEM, SIKi HE BOJIOJIIOTH
creliaJIbHUMH 3HAHHSAMH B raiy3i ONTHMi3alii Ta HABUYKaMHU NPOTPaMyBaHHS, IPOCTHUI 1 TOCTYNHUI MaTeMaTny-
HHUH IHCTPYMEHT AJIsl BHOOPY ONTHMAJILHOTO PIillICHHS MiJl Yac CTPYKTYPHOTO pe3epByBaHHI cucteM. Mertoanka. 3a
TOJIOBHUI ITOKa3HMK HaJlIHHOCTI pe3epBOBaHOI CUCTEMHU ITPUIHSATA HMOBIpHICTS 11 O0e3BiAMOBHOI poboTH. Po3risHy-
Ti /1Bl THIIOBI CXEMH pe3epBYBaHHS: 1) cXeMa PO3JUILHOTO «rapsiuoro» pe3epByBaHHS; 2) CXeMa PO3ALIEHOTO «XO-
nonHOTO» pe3epByBaHHA. ChopMmynboBaHI pPO3paxyHKOBI MOJET OINIHKA HAAIHHOCTI PE3epPBOBAHHUX CHCTEM.
PesyabTaTH. Y pobOTi 3apoONOHOBaHI ONTHMI3aIiiHI MOJENi, 0 JO3BOJIIOTH 3HAUTH PalliOHANBHUIN BapiaHT pe-
3epBYBaHHS NMPOEKTOBAHOI CHCTEMH 3 YpaxyBaHHSIM CYNEPEWIMBHUX BUMOT 0 i HamiiHOCTI ¥ Baprocti. Lli momeni
YHCEIbHO Peai3yloThCs B ONEpaliifHOMY cepeoBHII TabmuaHoro mporecopa Excel cTocOBHO OCHOBHOTO 00’€KTa,
KW CKIIafaeTbes 13 7 eneMeHTiB. HaBeneHi onTuManbHI BapiaHTH pe3epBYBaHHS IIbOT0 00’€KTa 3a CXEMaMH «ra-
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pSAYOro» M «XOJIOJHOT0» PO3/ALILHOTO pe3epByBaHHs. HaykoBa HOBM3HA. 3anpONOHOBaHI HOBI PO3PaxyHKOBI MO-
JierTi OIiHKY HaJliIHHOCTI Pe3epBOBAHUX CHCTEM, a TAKOX PO3pOOJIeHI Ha TX OCHOBI ONTHMI3alliifHI MOAEMi, sKi chop-
MyJBOBaHI 3 BHKOPHCTaHHSAM PO3KJIAaJaHHS HEBIOMHX BUXITHOI 3aJadi CTPYKTYPHOTO pe3epByBaHHS Ha OiHapHI
ckianoBi. [lpy mpoMy oTpuMaHi onTHMI3alliifHi MO BiTHOCATHCA A0 KJIACY 3a7ad HEJTiHIHHOTO MaTeMaTHYHOTO
MIpoTrpaMyBaHHA 3 IBIHKOBUMH 3MiHHAMHU, JUISI YUCEITHFHOTO BUPIMICHHS SKUX (HABiTh 32 JOCHTH BEJIHUKOI PO3MipHOC-
Ti) 0Ope MPHCTOCOBaHI MIMPOKO BiOMi MAKETH MPHUKIATHUX KOMIT FOTEPHHX IPOTpaM, 30KpeMa TabIMIHUI Iporie-
cop MS Excel. TakuMm 9rHOM, TIpOIIEC BUPIIIEHHS CIIOYATKY JOCHTH CKJIAJHOI 3aa4i ONTUMAIIFHOTO CTPYKTYPHOTO
pe3epBYBaHHS 3HAYHO CIIPOIIYETHCS 1 3BOAWTHCS IO BUKOHAHHS €IEMEHTapHHUX i y BIIMOBIAHUX NPOTrPaMHHUX
inTepdeiicax. [IpakTHyHa 3HaYMMicTh. 3alIPOIIOHOBAHI PO3PaXyHKOBI MOJEJi OLIHKM HaJiHHOCTI pe3epBOBAHUX
CHCTEM, MOJIENli ONTHUMAJIBHOTO CTPYKTYPHOTO PE3EpPBYBaHHS, a TaKOX METOJOJIOTIS iX (OpMyBaHHS 3 METOIO
CHPOLIEHHS IOJIANIBILOT YHCENBHOI peanizalii MoXXyTh OyTH KOPUCHI ITpY BUPILIEHH] 3a/a4 3a0e3MeueH s HaliitHO-
CT1 TEXHIYHHUX CHCTEM Ha PaHHIX CTalisX IX MPOEKTYBaHHSI.

Kniouosi cnosa: cuctema; NPOEKTYBaHHS; HAMIWHICTh; CTPYKTYPHE pe3epBYBaHHS; MOJENb; ONTHUMIi3allis;
OiHapHi 3MiHHI
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OIITUMAJIBHOE CTPYKTYPHOE PESEPBUPOBAHUE
TEXHUYECKUX CUCTEM

Hens. OcHOBHAS IENb CTAThH — JaTh NMPOSKTUPOBIIUKAM BBICOKOHAIC)KHBIX TEXHUYECKUX CHUCTEM, HE 00nama-
OOIUM CIrieliMaJIbHbIMHU 3HAHUAMU B 06J'IaCTI/I OINTUMHU3AINU U HABBIKaMU MPOTpaMMUPOBAHUS, HpOCTOﬁ H O0CTyII-
HBI MaTeMaTUYeCKUi MHCTPYMEHT JIJIsl BHIOOpa ONTHMAILHOTO PEUIEHUs TIPU CTPYKTYPHOM pPE3epBUPOBAHUU CH-
cteM. Meroauka. B kadecTBe TIJIaBHOTO IIOKa3aTelsl HAJEKHOCTH PE3EPBHPOBAHHOW CHUCTEMbI MPHUHATA
BEPOSITHOCTh €¢ 0e30TKa3HON paboThl. PaccMOTpEeHBI IBe THIOBBIE CXEMBI pe3epBUpOBaHus: 1) cxema pa3aenbHOTO
«rOpSTYETr0)» PE3EPBUPOBAHUS; 2) CXeMa PAa3eIbHOTO «XOJIOIHOTr0» pedepBupoBanus. C(HOpMyITUpOBaHbI pacyeTHbIE
MOJIENIN OIICHKH HaJIe)KHOCTH PE3ePBUPOBAHHEIX cUCTeM. Pe3yabraThl. B paboTe mpeanokeHbl ONTHMHU3AIHOHHEIC
MOJIENIH, TO3BOJISIIOIUAE HAWTH PAalMOHAIBGHBIA BAapHAHT PE3CPBHUPOBAHMS IMPOEKTHPYEMOH CHCTEMBI C YYETOM
MIPOTHBOPEUYHBHIX TPEOOBAHUH K €€ HAJIECKHOCTH U CTOMMOCTH. [IlaHHBIE MOJEITN YUCICHHO PEaTU3yI0TCSA B Omepa-
LUOHHOMW cpejie TabiuaHoro mporeccopa Excel nmpumeHnTenbHO K OCHOBHOMY OOBEKTY, COCTOSIEMY U3 7 DIIEMEH-
TOB. [IpuBeIeHBI ONTHMATBHEIC BAPUAHTHI PE3EPBUPOBAHUS ITOTO 0OBEKTA MO CXEMaM «TOPSIYETro» H «XOJIOJTHOTOY
paszenpHOTO pe3epBupoBaHus. Hayunast HoBu3HA. [IpeanoxkeHbl HOBBIC pacyeTHBIC MOIEIH OIIEHKH HaIe:KHOCTH
PE3CPBUPOBAHHBIX CHCTEM, a TaKXKE pa3pa60TaHHLIe Ha HUX OCHOBE€ OINTUMHU3AIMOHHBIE MOACIH, KOTOPLIC
c(hopMyITHPOBAHEI C UCIIOIF30BAHUEM PA3JI0KEHUS HEM3BECTHBIX MCXOHOHN 3a7a4ll CTPYKTYPHOT'O Pe3epBUPOBAHUS
Ha OMHapHbBIE cocTaBiAonlre. IIpu 3TOM MosydyeHHbIE ONTHMH3ALMOHHBIE MOJEIH OTHOCATCSA K Kiaccy 3ajgad
HEJIMHEHHOI0 MaTeMaTHYECKOTO MporpaMMUpOBaHuA C ABOUYHBIMHU TEPEMEHHBIMU, IJIA YHUCJICHHOTO PCHICHUA
KOTOPBIX (Jlake MPH JTOCTATOYHO OOJBIION Pa3sMEPHOCTH) XOPOILIO HMPUCHOCOOIEHBI MIMPOKO M3BECTHBIE MAKETHI
MIPUKJIAJHBIX KOMITBIOTEPHBIX IPOTPaMM, B YaCTHOCTH Tabnn4HbIA mporieccop MS Excel. Takum o0pa3om, mporecc
pelIeHus H3Ha4YaJIbHO BEChMa CIIOXKHOHM 33/1a4i ONTHMAIBHOTO CTPYKTYPHOTO PEe3€pBHPOBAHMS 3HAUNUTEIBHO YIPO-
IIaeTcsl U CBOAUTCS K BBINOJHEHHUIO 3JEMEHTapHBIX JEHCTBHH B COOTBETCTBYIOIIMX MPOTPaMMHBIX MHTepdelcax.
IIpakTuyeckass 3Ha4YMMOCTh. [IpeayokeHHBIE pacueTHBIE MOJENM OLEHKH HaJEeXKHOCTH Pe3epPBHUPOBAHHBIX
CHCTEM, MOJIENH ONITUMAIIBHOTO CTPYKTYPHOTO PE3EPBUPOBAHMS, a TAK)KE METOJIOJIOTHS X (POPMHUPOBAHHUS C LIENIBIO
YIpOIIEHHsT JalbHEeWIIed YWCICHHOW peaju3alli MOTYT OBITh TOJIE3HBI NpPH pPEHICHHH 3a/1a4 oOecHeyYeHus
HAJACKHOCTHU TEXHUICCKHUX CUCTEM HAa paHHUX CTAIUAX UX IIPOCKTUPOBAHUSA.

Kniouesvie cnosa: cucteMa; IpOEKTHPOBAaHUE; HAAEKHOCTh, CTPYKTYPHOE PE3epPBHPOBAHNUE; MOJIENb; ONTUMHU-
3anus, 6I/IHapHBIe TNIECPEMEHHBIC
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