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MATHEMATICAL MODELING OF UNSTEADY HEAT EXCHANGE
IN A PASSENGER CAR

Purpose. Existing mathematical models of unsteady heat exchange in a passenger car do not satisfy the need of
the different constructive decisions of the life support system efficiency estimation. They also don’t allow compar-
ing new and old life support system constructions influence on the inner environment conditions. Moreover quite
frequently unsteady heat exchange processes were studied at the initial car motion stage. Due to the new competitive
engineering decisions of the life support system the need of a new mathematical instrument that would satisfy the
mentioned features and their influence on the unsteady heat exchange processes during the whole time of the road
appeared. The purpose of this work is creation of the mathematical model of unsteady heat exchange in a passenger
car that can satisfy the above-listed requirements. Methodology. For the assigned task realization system of differ-
ential equations that characterizes unsteady heat exchange processes in a passenger car was composed; for the sys-
tem of equations solution elementary balance method was used. Findings. Computational algorithm was developed
and computer program for modeling transitional heat processes in the car was designed. It allows comparing differ-
ent life support system constructions influence on the inner environment conditions and unsteady heat exchange
processes can be studied at every car motion stage. Originality. Mathematical model of unsteady heat exchange in
a passenger car was improved. That is why it can be used for the heat engineering studying of the inner car state
under various conditions and for the operation of the different life support systems of passenger cars comparison.
Mathematical modeling of unsteady heat exchange in a passenger car was made by the elementary balance method.
Practical value. Created mathematical model gives the possibility to simulate temperature changes in passenger car
on unsteady thermal conditions with enough accuracy and to introduce and remove additional elements to the de-
signed model. Thus different constructive decisions of the life support system can be estimated by the mathematical
experiment.

Keywords: mathematical modeling; passenger car; unsteady thermal processes; life support system

Introduction inside walls of the compartment of railway car-
riage and the temperature of the inside air are
equal. This hypothesis decreases considerably the
accuracy of the modeling, especially on the initial
phase of unsteady process, when value and some-
times direction of a heat flows increases dramati-
cally. On this phase the difference between wall
and air temperature is significant and characterizes
the nature of the heat exchange processes.
Numerical approaches of the unsteady heat ex-
change problems solving are wildly used [2, 14].
Contemporary methods of heat and mass exchange
processes calculation are based on differential
equations of moving, continuity, heat conductivity
and diffusion, which were derived for the small
volumes of material [13]. Differential equation of
heat conductivity has variety of solutions. Spe-
cifics of every concrete process are adjusted for
single value requirements, which consist of geo-
metric, physical and time boundary conditions.

Nowadays mathematical modeling approach is
widely used for different constructive decisions
efficiency estimation. This way of modeling allows
reconstructing real-life equipment operation and
influence of different factors on it. In addition
mathematical models can be applied to make
a comparison of variant constructive decisions
among themselves [11]. Thereby creation of
a mathematical model of unsteady heat exchange
processes in a passenger car on transitional opera-
tion modes of the life support system is a signifi-
cant scientific problem. That is why the creation of
such model is a purpose of this article.

In the papers [4, 5, 6] mathematical modeling
of unsteady heat exchange processes in a passenger
car was considered. Integral mathematical model
of transient processes was created. Generalized
model of unsteady heat mode, that was given in [4]
is based on the assumption that the temperature of
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Purpose

The purpose of this work is creation of the
mathematical model of unsteady heat exchange in
a passenger car that can be used for the different
constructive decisions of the life support system
efficiency estimation on every stage of the road.

Methodology

For the assigned task realization system of dif-
ferential equations that characterizes unsteady heat
exchange processes in a passenger car was com-
posed; for the system of equations solution
elementary balance method was used.

Mathematical modeling

At a physical point of view a passenger car
equipped with an air conditioning system is an
open self-regulating thermodynamic system. Con-
trolled variables in this system are: temperature t,
humidity ¢ and the inner air structure. To handle
them atmospheric air is used. It is forced through
the car and through the air conditioner [4].

Interior, systems and equipment of the car
influence the heat exchange processes behavior. In
the heat exchange processes convective, radiative
and conductive heat transfer are combined [12].
Great number of used materials that have different
heat capacity; ramified surface of the inner car in-
terior and intensive passenger saloon ventilation
promote to do this.

Assumptions

The following assumptions are made to
simplify the mathematical model:

Temperature field of the air in the main, central
zone of the open compartment, with the help of the
free and forced convection stays close to steady in
spite of the fact that the air heat conductivity is
very low. That is why during the modeling of the
heat exchange between the air and the walls heat
model with isothermal core, which is circled with
a heat-insulated cover, can be used. Cover heat
capacity can be neglected while its specific
conductivity coincides with the heat-transfer
coefficient. Such heat model of isothermal core
which is circled with a heat-insulated cover is often
used in the heat exchange theory [7].

Heat and mass exchange processes are consid-
ered as if they occur independently from each other.

148

Heat flow from the solar radiation will be
counted as if it is applied directly to the inner vol-
ume of the open compartment (notably it is mod-
eled as a three-dimensional heat source) [14].

Flow Gy of a cold air from the air conditioner
or from the cold accumulator, which comes to the
passenger saloon with the temperature t;, relative
humidity ¢, and specific enthalpy i, agitates
instantly inside the car and can absorb the heat of
the heated inner walls and heat and moisture
emissions from the passengers. Notably, heat flow,
which is taken by the air conditioner, is considered
as volume heat outflow.

Model formulation

Heat flow, which is absorbed by the cooled air
during its way through the passenger saloon, evalu-
ates the air temperature change and consists of the
next components:

dt
mc = Qwall + anlmd + Qin + evap + Qaumir - Qcond ’( 1 )

Pdt
where m — air mass in the car, ¢, — air heat capac-
ity;

The heat flow that is given by the all inner ele-
ments and the car walls:

Qwall = ZaFwall (twall (T) - tair (T)) >

where o — heat-transfer coefficient, F, ; — sur-
face area of the wall or inner interior element, ¢

wall
— temperature of the wall or inner interior element,
T — time, f, — air temperature of the passenger

saloon; Q heat flow from the solar radiation;

solrad ~—

Q,, — heat flow that comes from passengers and
inner equipment. It is constant and its value de-
pends on passengers’ number and on the installed

equipment; Q,,,, — heat flow that comes to the air

directly from the passengers moisture evaporation;
O.ona — heat flow that withdraws by the air condi-

tioner; Q — heat flow that comes from the out-

outair

door air that is inputted to the passenger saloon and
that is determined as its enthalpy change:

Qoutair = Goutp(lout - lin )’

where G,,, — amount of the outdoor air that is in-
putted to the passenger saloon, p — air density, i

out

and i,, —outdoor and indoor air heat content.
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Thus heat balance combined equation for the
air in the passenger saloon of the car on unsteady
mode comes from the general substance equation
and can be calculated by the following correlation:

dt
me % - Z (x'Fwall (Zwall (T) - tair (T)) + anlrad +

+ Qin + Qevap + Goutp (iout - iin ) - Qcond . (2)

On the other hand heat conduction in the ele-
ments of the car construction is determined by the
thermal conductivity processes typical for solid
bodies and in general case is described by the
equation:

ot )
Py a—f = le(?\,k gradtk), 3)

where £ = 1, 2, 3 — indices of corresponding con-
struction elements; ¢ — heat capacity; p — specific

density; A — thermal conductivity.

Boundary conditions

Boundary conditions that determine heat ex-
change between elements surface and the inner and
outdoor air have the appearance:

[x‘wall %j +a (ta[r - twall) = 0 > (4)
n Jr

where o — heat-transfer coefficient.

Thus heat balance equations (2), (3) and equa-
tion (4) describe the researched thermal processes.
In order to solve the composed system of the dif-
ferential equations the elementary balance method
was chosen [1, 3, 8, 10]. This method also can be
met in literature as the direct finite element
method, global balance or power balance method
[8] and is a special case of the residual method.

Heat penetration per second to the element is
characterized by the heat exchange conditions on
its boundaries or by the conditions on the bounda-
ries between constructional elements i and j:

CRECR
on ) p on IF

where t; = t; (condition for continuity of the
temperature);

index F shows that values refer to the surface of
the contact Fij between the elements i and j. Tem-

perature approximation difference on the border is
based on the idea that temperature changes linear

on the segment 5{/ along the normal between cen-
tre of mass of i-element and surface of contact:
ot _ t, - tg/
on 5.

y

)

From (5) we get equation for the temperature
on the boundary of two neighboring elements:

i~ 7 5

and equation for the heat flow from i-element to
j-element

i =5 5.

During calculations we determine coefficients
of thermal conductivity at average temperatures on
the segments 3, between the centre of mass of the

elements and the surface of contact. This can de-
mand several iterations.

In the case when we discuss heat exchange be-
tween the constructional element and the inner air
of the passenger saloon, general equations for
boundary temperatures and heat flows are true

3 rl.jtj + rjiti

ij bl
Ty + 1

1
4 =——(t,-4), ()
v.+r.
g Jt
where 7; and r; — coefficients of thermal resis-

tance between neighboring elements. They are cal-
culated as:

1

o ,wheni-element is inner

1., =qopen compartment volume

i

. when i-element is constructonal element

i
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Whereas (6), heat balance equation (3) be-
comes:

Nup i

iji(tj_ti)’
Jj=1

where coefficients by is F}; / (r,j +rj,.), and among

dt,

number of neighbors Ny,; can be constructional
elements and the open compartment inner volume.

Equation (2) for the inner volume of the car in
this case will be:

N,
dt b
me, di‘t = z bji (l‘/ - t[) + Q.valrad + Q[n +

J=1
+ evap + Guutp(lout i ) - Qcond >

Knowing boundaries elementary areas value of
the time step-interval At should be chosen from the
condition of quasiequilibrium process K=AP/P<1,
where AP — parameter value change (in our case of
the temperature) between neighboring areas; P —
parameter value in a calculation element.

Three-compaonent wall meshing

o

U
Heat insulation

:

]

Homogeneous element meshing

.
]

f Layer 1

\ Layer 2

J Layer 3

J

Fig. 1. Three-dimensional model of the open compartment of the second-class sleeping carriage:
1 - luggage rack (¢ = 0.435%g g )i 2 — inner partition (¢ =2.5 k%g g )i 3 —ceiling (¢ =0.435 %g e

¢ = 0.879’(%gK ¢ :2'512%g-K); 4 — external walls (¢, :0.435"%g,K, ¢ :0,879%&,.1{ ey = 2'512%g-K );

5 — sleeping berth (¢ =1.256 k%g g ) 6—table (¢=2.512 k%g g )i 7~ tubes of the heating system (¢ =0.435 &/

kg-K);

—i ir(c= kJ,
8 — inner air (¢ =1.005 Ag-K)
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In order to solve the composed system of the
differential equations the three-dimensional model
of the passenger car compartment was designed.
(Fig.1). Main calculation elements - «bricks» of
discrete representation of investigated systems,
which we need for elementary balance method us-
age, are constructional elements, elements of con-
centrated volume and bracing members. Bracing
members do not have volume and serve for
specifying hydrodynamic and thermal resistance
and other boundary conditions.

Thus car model is presented as a set of finite el-
ements (elementary volumes), which are the parts
of the most big elements of the car construction:
out walls, interior and inner partitions and also of
the element that describes the inner volume of the
open compartment as a system with lumped pa-
rameters. As boundary conditions 1) inflow of
a cold air from the air conditioner (with a help of
a bracing member); 2) heat flow from the envi-
ronment as a result of convective and the solar ra-
diation heat transfer; 3) heat flow that comes from
passengers and inner equipment are specified. In
fact we are modeling just one open compartment
and hypothesize that thermal situation in the other

compartments is the same. That is the right and the
left wall heat gain make 0.

The out walls of the passenger car are modeled
as three-layered, as you can see on the Fig. 1. Exte-
rior layer — it is metal sheathing, than goes heat
insulation on the basalt base and the third inner
layer is a plywood. Every layer by-turn is divided
into three calculation elements. Inner partitions
were modeling homogeneous. They also were
divided into three elements. Components of the
interior are specified in a simplified form in the
shape of rectangular element set, which have defi-
nite thickness, mass and heat exchange surface.

Calculation and verification

For the system of differential equations solving
computer program was created. The results of the
modeling are presented on the Fig. 2. In addition
you can see temperature curve in the compartment
that was obtained corresponding to the integral
model that was created according to the equations
in the paper [4]; and the sanitary and hygienic tests
results [9]. Fig. 2 shows that results of the model-
ing are very close to the test results.

36 T T T T
: : The sanitary and hygienic tests ®
AU TS Mathematical model that was designed = = = _|
35 : A
- T Integral model from the paper [2] ===
: ," L |:\1 : :
et T :
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Fig. 2. Temperature diagrams in the passenger car
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Thus mathematical model that have been
designed can be considered to be accurate enough
and can be used for further theoretical research.

Findings

Computational algorithm was developed and
computer program for modeling transitional heat
processes in the car was designed. It allows com-
paring different life support system constructions
influence on the inner environment conditions and
unsteady heat exchange processes can be studied at
every car motion stage.

Originality and practical value

Mathematical model of unsteady heat exchange
in a passenger car was created taking into account
the features that are determined by the present re-
quirements. That is why it can be used for the heat
engineering studying of the inner car state under
various conditions and for the operation of the dif-
ferent life support systems of passenger cars com-
parison. Mathematical modeling of unsteady heat
exchange in a passenger car was made by the ele-
mentary balance method. Created mathematical
model gives the possibility to simulate temperature
changes in passenger car on unsteady thermal con-
ditions with enough accuracy and to introduce and
remove additional elements to the designed model.
Thus different constructive decisions of the life
support system can be estimated by the mathemati-
cal experiment.

Conclusions

In the article the mathematical model of un-
steady heat exchange processes in a passenger car
was designed. Existing mathematical models and
their disadvantages were analyzed. Assumptions
were made and contemporary methods of heat ex-
change processes calculations were used. The sys-
tem of differential equations that characterizes un-
steady heat exchange processes in a passenger car
was composed and computational algorithm was
developed. Computer program for modeling transi-
tional heat processes in the car was designed and
tested. It can be used for the further theoretical
studies (for instance the car heat mode
comparison) and for making changes of construc-
tion of the car life support system.
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MATEMATHUYHE MOJEJIIOBAHHA HECTAINIOHAPHUX TEIIJIOBUX
ITPOIECIB Y ITACA’)KUPCBKOMY BAI'OHI

Meta. IcHyroui MareMaTHYHI MOIENi HECTAIliOHAPHUX TEIUIOBUX MPOIECIB y TWACaXUPCHKOMY BaroHi
HE TPUAATHI JJIsI MOBHOI OIIHKK €()eKTUBHOCTI HOBUX TEXHIYHUX PIIIEHh CHCTEMH KUTTE3a0C3MCUCHHS TACAKUPCh-
KUX BaroHiB Ta JUIsl iX MOPIBHSHHS 3 y)Ke ICHYIOUMMH KOHCTpYKUisiMH. KpiM Toro, HecTalioHapHi TEIUIOBI MpoIiecH
HaiyacTile JOCHiPKyBalIncs Ha MOYaTKOBOMY €Talli pyXy BaroHa. Y 3B’sS3Ky 3 HOSBOIO HOBHUX KOHKYPEHTOCIPO-
MOXHHUX TEXHIYHHX pilIEeHb CUCTEMH XHUTTe€3a0e3eueHHs] BUHHUKIIA IT0Tpeda i y CTBOPEHHI HOBOTO MaTeMaTHIHOTO
IHCTPYMEHTY, SIKWi J1aBaB OW 3MOTY BpaxyBaTH Ii OCOOJIMBOCTI Ta iX BIUIMB Ha NEepeOir HECTAI[IOHAPHHUX TETUIOBHX
MIPOIIECiB MPOTATOM YCHOTO Yacy peiicy. MeToro maHoi poOOTH € CTBOpEHHS MaTeMaTHYHOI MOJIEII HeCTaI[lOHAPHUX
TEIUIOBUX MPOIIECiB, IO 33aJ0BOJIbHSIA O BHUIenepepaxoBaHi Bumorn. Meroamka. /st peamizarii mocTaBieHOl
3amadi Oynmo CKIaJeHO CHCTeMy IU(epeHIiadbHUX pPIBHSAHD, IO OMHUCYIOTH HECTAIllOHApHI TEIUIOBI IPOLECH
y BaroHi; UIsI PO3B’sA3aHHS CKJIQIEHOI CHCTEMH DIBHSHb BHKOPHCTOBYBAaBCS METOJ €JEMEHTapHHX OaraHCiB.
PesyabTaTu. Po3po0neHo po3paxyHKOBHII alrOpuTM Ta CTBOPEHO KOMII'FOTEPHY NPOTpamy A MOIETIOBaHHS
MEePeXiTHUX TEIUIOBHUX IPOLECIB y MacaKUPChKOMY BaroHi, IO JO3BOJISIE BPAaxOBYBATH Pi3HI KOHCTPYKTHBHI
PILICHHS CHUCTEMH JKUTTE3a0C3MCUCHHS MacaXKMUPChKUX BArOHIB Ta 3JIHCHIOBATH MOJCIIOBAHHS HECTAIlliOHAPHHUX
TEIJIOBUX MpOIECiB Ha Oynb-sikoMy erami pelicy. HaykoBa HOBH3HA. YOCKOHQJIEHO MaTreMaTUYHY MOJIENb
TEIJIOBUX MPOLECIB Y BaroHi B JMHaMILli, 1110 JO3BOJISIE JOCHIIPKYBAaTH TEIUIOTEXHIYHUI CTaH y CaJlOHI 3a Pi3HUX
YMOB Ta IOpIBHIOBaTH pOOOTY PI3HUX CHCTEM IKMTT€3a0€3NeUeHHs NacaXUpChKUX BaroHiB. IIpoBeneHo
MaTeMaTU4He MOJICTIOBAHHS HECTAalliOHAPHUX TEIUIOBUX PEXHMIB y NAacaXKUPCHKOMY BaroHi 3 BHKOPHCTaHHSIM
MeTony esneMeHTapHux OananciB. Ilpaktmyna 3HaummicTs. CKiajgeHa pO3paxyHKOBa MOJIENb Ja€ 3MOTY
MOJCIIIOBATH 3MIiHM TEMIICpaTypH y BaroHi Ha HECTALllOHapHUX TEIUIOBHX PEXHUMaX, JOCHTb JIEIKO BBOIJHUTH Ta
BUBOJUTH IO PO3PaxyHKOBOI CXEMH IONATKOBi elieMeHTH. Lle 103BoJisie NMpPOBOIOMTH OLIHKY PIi3HHX CXeM Ta
KOHCTPYKTUBHHUX PIIICHb CUCTEMH KUTTE3a0€3NEUCHHS BaroHa IUIIXOM MaTeMaTHYHOTO eKCIIePHMEHTY.

Knrwouogi cnosa: MaTeMaTiHyHe MOJCIIOBAHHS; NACAKUPCHKUNA BaroH; HECTAllIOHAPHI TEIUIOBI MPOLIECH; CUCTEMa
JKUTTE320€3ICUECHHS
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MATEMATHUYECKOE MOJAEJIMPOBAHUE HECTAIIMOHAPHBIX
TEIIVIOBBIX ITPOLHECCOB B ITACCA’KUPCKOM BATI'OHE

Heab. CymecTByromne MaTeMaTHIECKHE MOJIETN HECTALMOHAPHBIX TEIIOBBIX IIPOIIECCOB B MACCAXKUPCKOM Ba-
TOHE HE MOOXOIAT JUId IIOJHOW OLEHKH S(P(EKTHBHOCTH HOBBIX TEXHHYECKUX PEIICHHH CHCTEMBI
KHM3HEOOECIIEUCHUs! TACCAKMPCKUX BarOHOB U JJIsl X CPABHEHHS C YK€ CYIIECTBYIOUIMMHU KOHCTPYKIHsIMU. Kpome
TOT0, HECTAI[MOHAPHBIE TEIIOBBIE MPOIECCHI Yallle BCETO UCCIIEAOBANNCH HA HA4aJIbHOM 3Tare JBMKEHHs BaroHa.
B cBsi31 ¢ MOsIBIIEHMEM HOBBIX KOHKYPEHTOCHOCOOHBIX TEXHHUECKHX PELICHHH CHCTEMBbI )KW3HEOOeCIeueH s, BO3-
HUKJIa TIOTPEOHOCTh M B CO3JaHMM HOBOIO MaTeMaTHYECKOrO HHCTPYMEHTA, KOTODPBIA JaBaj Obl BO3MOXHOCTH
y4ecTh 3TH OCOOCHHOCTH M HX BIMSIHHE Ha MPOTEKAaHWE HECTAlMOHAPHBIX TEIIOBBIX MPOLECCOB Ha MPOTSHKEHUU
BCEro BpeMEHH B ITyTH. Llenmbro qaHHOI padoTHI SBJISETCS CO3AaHME MAaTEeMaTHYECKOW MOJENN HECTAllMOHAPHBIX
TEIUIOBBIX MPOLIECCOB, KOTOpasi ObI YAOBJIETBOPsUIA BBIIEIIEpEUHCIeHHbIe TpeOoBanus. Meroauka. [lns peanusa-
IIMM TIOCTABJIEHHOM 3ama4yn OblIa cocTaBieHa cucreMa qu(epeHnnanbHbIX YpaBHEHNH, KOTOPBIE ONMCHIBAIOT He-
CTalMOHAPHBIE TEIIOBBIE NMPOIIECCH B BArOHE; JUIS PEIICHUS CIIOKHOM CHCTEMBl YPAaBHEHUH MCIOIB30BAJICS METOL
3JIeMEHTapHBIX OanaHcoB. Pe3yabTaThl. PaspaboTan pacdeTHbIH alropuTM M CO3/aHa KOMIIBIOTEpPHAs IporpaMma
UL MOJENUPOBAHUS NMEPEXOJHBIX TEIUIOBBIX IPOIECCOB B MACCAXKHMPCKOM BaroHe, YTO IO3BOJISAET YYUTHIBATH
pa3NuyYHbIE KOHCTPYKTUBHBIE PELICHHUS CHCTEMbI XH3HEOOECHEUECHUs] MacCaKUPCKUX BaroOHOB M OCYILECTBIIATH
MOJICTIMPOBAaHME HECTAIlMOHAPHBIX TEIUIOBBIX IIPOIIECCOB Ha J0OOM Jrtame peiica. Hayynasi HoOBH3HA.
YcoBepIlIeHCTBOBaHA MareMaTH4YecKass MOJIENIb TEIUIOBBIX MPOLIECCOB B BAaroHE B JIUHAMHKE, YTO IO3BOJISIET
UCCJIE0BATh TEIUIOTEXHMUYECKOE COCTOSIHUE B CAJIOHE NPU PA3JIMYHBIX YCIOBUSIX U CPAaBHUBATH PAOOTy PaziIMYHBIX
cUCTeM  JKM3HeoOecreueHHsT MacCaXUPCKUX  BaroHOB.  BBINOJIHEHO  MareMaTHuecKoe  MOEIMPOBaHUE
HECTallMOHAPHBIX TEIUIOBBIX PEXHMOB B IACCA)KUPCKOM BaroHe C HCIIOJIB30BAHHEM METO/A 3IIEMEHTAPHBIX
Oanancos. IIpakTuyeckasi 3HauuMocTh. COCTaBJI€HHAsh pacyeTHas MOJEIb JaeT BO3MOXKHOCTH MOJEIUPOBATH
W3MEHEHHS TEMIIEpaTyphl B BArOHE Ha HECTAIMOHAPHBIX TEIUIOBBIX PEXKUMAaXx, JOBOJIBHO JIETKO BBOANUTH U BHIBOJHUTH
B PpAacueTHYI0 CXEMy JONOJHHUTENbHBIC 3JIEMEHTHl. JTO TI03BOJSIET IPOBOAMTH OLEHKY pa3HBIX CXeM |
KOHCTPYKTUBHBIX PEIICHUIH CHCTEMBI JKU3HEOOECIICUCHNS BaroHa IyTeM MaTeMaTHYECKOTO SKCIIEPUMEHTA.

Kniouegvie cnosa: MaTeMaTHIeCKOE€ MOJEIMPOBAHNE; MACCAKUPCKUH BAaroH; HECTAL[MOHAPHBIEC TEITJIOBBIE IPO-
LIECCHI; CHCTEMA JKM3HE00eCTIeUeHNS
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