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T. A. ArOIIKOBA ([TrenponeTp. Hall. YH-T 5.~ TPAHCH.)

ANIMPOKCUMAILINA B METPUYECKHUX ITPOCTPAHCTBAX
IIEPHOAMYECKHUX ©YHKIUA MHOFMX IEPEMEHHBIX
KYCO‘IHO-IIOCTOHHHLI(MI/I OYHKIIUAMU

The direct and converse Jackson- and Bernstein-type theorems are proved for the mean approximations of periodic
functions of many variables by piecewise constant functions with uniform segmentation of the period torus in metric
spaces with integral metrics defined by a function W of the type of continuity modulus.

Ona MeTpu<HMX NIPOCTOPIB 3 IHTCPPASKHOIC METPHKOK), BM3HAHEHOK (DYHKUIEID Yf  THNY MOMYNA HENEPEPBHOCTI,

N0BCACHO B GaraTOBMMIPHOMY BHMNAOKY NpaMy Ta oOepreny Teopemy Tumy [xexconz ta Bepunteiina ana ycepepHennx
HabnuKeHb NepIoANIHIX (Y HKLIH KYCKOBO-CTANHMU (PYHKLIAMU 3 PIBHOMIPHIM PO3OUTTAM TOPa nepiony.

1. Brepenne. PaccMoTpuMm npocTpaHCcTBO R™ Toyek x = (Xgy.on s Xy, m21. Nyets f(x) —
REHCTBUTENLHO3BAMHBIE DYHKLHH, HMEIOIME nepuol | 1o kKaxpo# NnepeMenHoil; TM =10, )Y" —

OCHOBHO# Top nepuonos; Lg = Ly(T™) — MHOXecTBO BceX Takux (PYHKUMI, KOTOPRIE MOYTH BCHO-

ay Ha T™ xoueunsl u usmepumei. C nomowpio dynkunn Y v) = % ., Y€ Rl , B Ly BROAMT-
¥y

Cs1 METPHKA

p(f.g) = [ w(|fix) - gx)))ex, (1)
o

IOPOXAar0iLas CXOIKWMOCTE 10 MEPE.

Mycte Tenepe  WY(¥) — DYHKUMS THNA MOAYNA HETIPEPBIBHOCTH, KOTOpas ONpeleneHa Ha RL,
T.€. yaoBneTsopseT ycnoram Y(M =0, y(y}>0 pna y>0; wy(y) uenpepniBHa, W{(y) He-

youBawowas, Yx+y)Syix)+y(y) mnaecex x, ye Rl . B Takom cnyuae ¢ryHKIHOHAN BM-

na (1) ynosnersopaeT akcuoMaM MeTpukH. QGCO3HAYHM MONYYEHHOE METPUUCCKOE NPOCTPAHCTEO
cenyonmMM obpazom: '

Ly = LyT™) = S FeloT™): |fl, = [ w(lfml)de<oe
Tm
Aas fely w teR™ nonoxum

Af(x) = filxy— f(x), e fi(x) = flx+1).
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1304 T.A. ATOIIKOBA

Ton Mostytem HenpepbIBHOCTH (DyHKuMM B rpocTpaHcTBe Ly, OyneM moHHMaTh

o(f. k), = sup [Af],.
el <k
rie feR™, |t]_ := max\qicnm |t:| w ReRL.

Ha xaxpoli U3 m KOOPAMHATHLIX OCeil OTPe30K [O, 1) pa36uBaem Ha OTpe3KH PABHOI TUHEI

C MOMOUILI0 B PABHOOTCTOAIIMX TOYCK BUOA

C ux noMowsK NomydMM pasbueHue ocsoeHoro topa I Ha n"  KyGos Il .iine

i;j=0,1...,n-1, j=1,..,m, Buna

. i; 41
Myin = {xeTm: iﬁxj< I j:],,,,,m}. (2)

0B6o3HayuM uepes L, , WPOCTPAHCTBO 1-NEPHOAMUECKHX KYCOUHO-NOCTOSHHBIX DYHKUMHA I, .,

CHpENCNCHABIX CNEAY UM 06])830M.'

n—1

ln. .n(x) = biv iy Xy, ), (3
iyatzn iy =0 froeeime
rne biw'z,---,im eR' u
], xel—[il!._”im;n!
xnh im iRt (x) =
IRRETE 0, X E Hii ’’’’’ im;ﬂ
Nycre E, ,(f )‘ll = infy er . | f=tn.n "\V — Haunydqigee NpuOMIKEHHWE HA NEpPHORE B

metpuke L, ¢yskuun f asnemenTamm nopnpoctpanctea L, ,.

Tlon ycpenHeHHbIM pUOIMXKenneM GyieM NOHHUMATL

Enn(f)\v = inf .[ ||fl - ln...n Il‘l-‘ dr .

[?!...IIE (L § T"’

KoppekTHOCTE onpeneneHus cM. B [1].
[ycth Eo(f)v = inf{"f—f:"w; ce Rl} — Haunyyulee npubniKeHHe Ha MEPUOIE B
meTpuke Ly ynkmum f KoHCTaHTOH.

B paborax [1,2] uccneposanach annpoKCHMalnWA KyCOYHO-TIOCTOSHHBIMH (DYHKIMAMH B
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AIMPOKCHMAIIUA B METPUYECKUX [IPOCTPAHCTBAX NEPUOOWYECKHMX ®YHKLIAH ... 1305

L.,(T') ¥ GHUH TIOJIYUYCHBI CIICAYIOLIHE PE3YILTATEL

EO(f)\p

sup ——mm———
fegw CD(f, 1/2)\1;

p 0 =L,

=1, S =
feuLw ﬂ)(f,l/n)w

)

1 1 -
m(f’Z_”J\p . on-2 sz E2*(f)y

k=1

B nactosmei paboTe fokaszaHbl aHAJIOTMYHBIE Pe3yNbTATH! A NPHOTMKEHUI NEPHONNYECKHX
thYHKIMH MHOTHX NEPEMEHHBIX,

2. Ilpamas Teopema [xEeKCOHA C TOTHOH KOHCTAKTOM.

Teopema 1. [Jaa moboli gpyrkyuu f € Ly u n=12, ... umerom mecmo caedyioujue pa-
BeHCMEd:
inf £, »(f;) Ennlf
sup . nnl A = Ssup "(1 )w = 15 (5)
fELw m(fs_) fEme[f,_)
nJy n/ty
Eo(f)
sup ——l—w = 1. (6)
e
2 v

Hoxazameavcmeo. [loxaxem cHauana paBeHCTBO (6).
TN OUEHKM CBEPXY YUTEM, UTO INPH BLIMUCAEHHHM NOCTATOYHO OTPAHMYHMTECA IUNIOTHBIM B Ly

MHOXKECTBOM HENpephiBHbIX (PyHKUMH. [In8 HenpepbiBHOH yHKUMA [ Tonydaem

Eo(y < |f0- [ foydr

T?ﬂ

< Jlro-rolyd = [ [ w(l &= fo)])dxds =

v ™ ™"

= [ Jwliraen-sollaxd = [ |8 fl,a = [ Jacfl,de s [ o(rlel)dr=
T"rm " "

S [+

YcTaHoBHM OLEHKY CRU3y. [Ins Kaxno# i -it MepemeHHoi cOOTBETCTRYOWMIA oTpesok [0,1)
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1306 T. A, ATOIHKOBA

€€ U3IMCHCHHA pa306bem PAaBHOOTCTOAIUMMHA TOYKAMH  X;. ; = ———

E Jj=0,1,.,9-1, e g —

npocroe uncno. HMcnonb3oeas dyHKIUM fq ( y), ye R! , mocTpoekHbie B. A, 0punsiM (e, [3]),

ONpENIENUM MHOFOMEPHLIH ananor stux (ymxumit. Iycrs Fy(x) = HL folxi), e f,(x)=

R i _ J .

= W(EJ npu x; € [x;;j_l,x,-._j). Tlog (EJ, J=1,..,g—1, 6yneM noHumaTte cumeon Jle-

Kaunpa [4,c.69] ((—J-J = |, ecny cyllecTByeT pelUcHHE yPaBHEHUS X’ = j{mod ¢), (i) =
4 _ q

=-138 NPOTHBHOM Ciiydae J

Bouucnam  Ey (Fq )\P . ILna nmoGoit KOHCTAHTEI € € R! , TaK KAK YUCJIO BbIYETOB PABHO YHCNY

HCBBLIYETOB, UMEEM

1 1 { g-1 %y

Rl = [ w(lFm-cl)d II S w[\gfq(xf)-c

T 0 0 i=1 X):j-1
] ;

el

}dxl de...dxm =

1 m
g—; | J BACHEE
i=2

+ﬁ—;—1\p( %flij(x;)+c ]Ndxz...dxm =
=%i H [J—qu(x,) c]wUJ_qu(x,)u ]]dxz

Vo=l =17 +<l, - @
IlosTomy, yunrsigas (7), monyuaeM
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2|Fy=cl, = [ ~cl, +[F+el, > |E-c+Fyve], = [25], =

galic)]

%w(l) . Hanee,

= 3ol

]dxl dxy, = y(l).

v

3HauMT, || Fq - C”lll

1 1
_+_
2 2

1 1
]] = (WO ) = Zv().

[ToaTomy -

o(F,), = intlF—cl, -

@i—” - Ly, ®)
2‘4’

1 N N
Brryncnam (o(Fq, 5] . Tlockoneky "A,Fq "w ~ KYCOYHO-JIMHEAHaA DYHKUUS MO Kaxaoi
nepemMeHHod #;, i =1,..., m, ¢ y3namu B TOUKax pa3buenus, To
! = = F, 9
@ Fq’"z" = Ssup "Aqu"\,, = S"p”Afk q"q,’ )
| 1
A e
2
k; .
me f; = (tl;klvt2:k2’--- , tm:k," ), Ly = -—1, kf =0,1,..., g-1, i=1,....,m.
ki

Ecnn a=%1 nwm 0, ro y(|a|) = w(l)a®, nosromy

m 2

a’x. ...dxm =

, = vO]

Tm

foGi+ i) =TT £,
1 i=}

i=

"A‘k Fff ||q, = “Afl:k.u-u!m;k,,, Ffl

2

TTAGi+n)

i=1

" .
dry..dx,;, —2 I qu(x,- + ik, ) fo(xi) dxy L. dxy, +
Fm i=i

=wm[]
o

2

H fq(xi)

i=1

+

T”l

dxl dxm ] =
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1308 T. A ATONIKOBA

ol

1
-wm[—— | qu<x,+r,k ) fy(x)dxy .. ] = Zwm[z—r]. (10)

Tml'

2

] ] - j Hfff(‘xi'l'ri;k,-)fq(xi) dxy...dx,, |=

rm i=1

3~

s Berancnenus unrerpana [ B (10) ucnons3yem cBONCTBA CHMBOJIOB JMexanppa |4, c. 82]

g—1 N .
Z(“—I’J(i]:—l  p=1lg—1.
=0 q q

Torma

' g-1 X1 ok . . |
1l = J‘ ("'{‘-}'—EJ [-]+ l](i]dX| :!: qu(Xi+tr':k')fq(_xi)dx2_“dxm:

q Tmt =2

Il

2/m
(%] (-l _!—- .[ Hff{(x1+t1k)fq(x )de dxm = ..

q ]Tm 1 =2

_ -1- 2tm _ ___1___ n _ (__l)m
- [(2) ( l)q‘l] a(g-1y

Mycte R™ — NpoCTPaHCTBO HEYETHOM Pa3sMEPHOCTH, TOrAA unterpan I 8 (10)

B pesynwrate nmeem

[aF], = %“’“)(”GTL{)WJ‘ (1n

Yuureisas (8) —(11), pns NPOCTPAHCTR HEYETHOM PA3MEPHOCTH NOJTyYaeM

Ey(F
B
u)(Fq,—) I+(g-1)" 4o
2y

ISSN 1027-3190. Yxp. mam, xypu., 2013, m. 65, Ne 10




ATIMPOKCHMALIMS B METPUYECKHX TTPOCTPAHCTBAX IMEPHOIWYECKUX ¢ YHKIIHN .. 1309

IIns mpocTpaHcTBa dYerHoil pasmepioctn R™ wnrerpan I B (10)

P
4(q-1)
H
la. e, = tvol -] @
vo2 (g-1)
Mycrs t, = (fl;k,vtz;kzy---stm;km) Takoe, yro 2p-1, p=12,..,m/2, — KonnuecrBo

ti.k, » He paBHbIX Hymo. Torja

. [ | J?Jm( ) 1 ZP*I( 1 )(ZIm)(m—ZpH) _ -1
2 1) 2 P

1 I w(l) 1
= —_— | = 1 . 13
"Ako‘l "\P 2"’(])[ 4+ 4(q_1)2p—1 } 2 [ +(q_1)2p—l J ( )

Yuwtsieas (9),(12),(13), noayvaem

w(Fq,—;—) = ygl(l-b—l_—]]
vy q

ChnefloBaTeNIbHO, 113 IPOCTPAHCTE YETHOM PazMepHOCTH

EO(E!)w 1
— Y e 5 1.
(D(Fq,‘l‘) l+(q—l) L

2 L4

Takum ofpasom, coordomenne (6) qokaszado.
Hokaxem pasercTea (5). [lockonnky

ir’]fEn...n(f;‘)w =il‘:f[ il‘lf‘; |Ifr_[n...n “‘I’ S] inf I "fr_ln...n |Lp dt:E"---"(f)\p’

€ 1]
nan .0 "0 n...1 Tm

1
m(f,;] = swp sl 20" [ Qs a
LY "1“”5; [0;_1_)'"

II;.lf En...n (fr )W En...n (f)w
sup

— & sup - .
rely m(f,l) reryn™ [ A, f], du
By [0:1/n)"

TO

(14)
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1310 T. A. ATOIIKOBA

Hns oueHKM cBepXy NpaBoit yacTH (14) NOCTATOYHO OrpaHMYMTLCA BCIOAY IUTOTHBIM B Ly,

MHOXKECTBOM HETpepbIBHBIX (PYHKUHA. B KauecTBe anApoKcUMHpYowe dyHKUMH BLEIGEpeM onpe-

IENEHHYO (PYRKUHIO lnm,,(f,x) Wz L, , caegyromuMm obpasoMm:

n—1 : ;
In...n(f’x) = 2 f(l_l’ e %)xnil.h ..... imin (x)’

iaigyenig=0 VT

E””(f)\p = inf J ||f! _ln...n ||1p dr < J. "fr_lnn(f! )"w dt =

[Jl. .. € o

T”‘ Tm

= [ [ (5= ton (frox)| e =

Y

N i+l i+l

n—1

S DN J wUﬁ(xl,...,xm)_ﬁ (%,nm_

™ iy =0 ‘_I. [

] f

g+l i+l
n-1 n n [ ]
1 b
T R e
itaedm=0 & iy A m " i
n n
—f(tl,...,tm)Jdt dxy...dx, =

= 2 J 1 Jwllao-rol)d |dc = 2" [ ]af], dx.

fda,ns =0 e m
m l:();l] T [0,1)
n n

Heobxopnmas olleHKa cBepxy ind nmparoi yacTH (14) ycraHoaneHa.
Jlns ouerky neoi vactu (14) chu3y Mcnonb3yeM BBEJIEHHY:O Bbilue GYHKUMO F, u mpous-

BonbHyw I, , €L, ,. onpenereHny B (3).

Ina npoussonsHoro ¢, yuurbtsad (8), mia pyukuun  F, (nx) nonydyaem OUEHKY IPHONHXKE-

HUA CHHU3Y!
Atl intl
n—1 ] ] m
“Fq.r(nx)"ln...n(-x)"w = '[ J Yy quJj,k (ij' )_bflyfzu---fm dxl ...dxm =
iyin, . ipg=0 1_] Jﬂ j=1
[ n
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1 - i+l i+l n
R 2 I j (H J”( ) indgse }dxl...dxm—
Ry, i,=0 i i =1
=l | 1
B e i, - oo
CrnepnoBarensto,
1 (1)
E, n(Fq.r(" ))\P = Fq,r(”')iEL = W_z_’

H I 1 -MEPHOI'0 NPOCTPAHCTBA YETHON PABMEPHOCTU TPH g — oo NOAYYaEM

B (Fya (), Y2 ECEAE 1 U N
o(F (n) Un),  (way2)(1+1/g=D")  @-D"+1  1+g-D"

,H,J'lﬂ 1 -MEPHOTO [IPOCTPAHCTEA HEUETHOU PasMEPHOCTH NIPH g — e HMMECM

inf By o (Fpe(n)), (/2

o F(n) m), (u2)(1+1/g-D) -1

Teopema | pokazana.

3. Od6parnas teopema [Ixkexkcona. [Jokaxem aHanor oOpatHOil TeopeMel [IxkekcoHa (4) ans
YCPEJHEHHBIX TIPUONMXKEHRI (PYHKUMIA MHOTHX MIEPEMEHHEIX.

Teopema 2. [arn m > 1, moboi pynxyuu f € Ly uecex n=1,2,... swnoansiomcs nepa-

BCH(HIBA

l
m[f,z—,,] < 2,,*2 22"52 2 (fy s (15)

¥

20€ KOHCMAama Cm 3asucum moAbKo om m .

Tpu foKa3aTensCTRE UCMONL30BAH CTAHNAPTHBIA METOH MONYYEHHS TAKMX HEPABEHCTB, OCHOBAH-
Hblii Ha HepaBenerBax Tana C. H. Beprwreina and annpoKCHMHPYOMINX PyHKUMA.

1
Nemma 1. Jan awboti ¢pyrxyun f, , w3 L, , npu he [ 0, —] udrn ||t|_ £h evnoana-
n

eMOCa HepaseHLmaeo

|Aitn nll, < Cunill all,

b4

Hoxazameavemeo. Ilycte I, , €L, ,. Toraa
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Torpa

| | 1
wl f,.— = o f,,— | dr £ w{ 1. ,,.——J dt+m(1,, ...—] =
(- 2 J\P 7':” [f’ 37 ]w J- ﬁ 2"..2 9 v 2.2 2% v

7 T mn

‘ 1 1 l
_[ 0)(‘}‘,—12,2'2”,5) dr+m I|H_1+2(12AH_2; _!1"'H,2"" )é—ﬂ*] <
M W k=1 w

— t .
<2Ex v (f), +2E+%I§2kr.[’ ”(\12‘“.3" ~ i )*(fr =l e )”w dr <

1 It ‘ - ]
<2e+2C, ;ZZ*Z(E?_"_“? (f )w +e) <
k=1

<4c,, zi 3 2 E 2t (£), +2(4C,, +1)e
=]

M B CHIY MPOM3BOILHOCTH € OTCHofa caenyeT (13),
Teopema 2 jjokasana.

B TepsiHax ycpeHeHHLIX MPUOTHXKEHWA 1N QyHKIMA MHOTUX TTEPEMEHHBIX MOXKHO NOJIYUiTh
KOHCTPYKTHBHY IO XAPAKTEPUCTHKY KAaccoB Jlumuuua.

Credemeue.  HQan wobou chynxyuu  fely  u wotozo o€ (0.1} usmeem mecme

AKEUBUACHIMAOUID

20e

Ay = {rely %, o(f0), <K%, he(01/2)].

A K — koncmanmet, He agucaiyue om k., f .

Hoxazameancmeo. Heotivooumooms, COFTAcHO npaMoi Teopeme JLKCKCOHA NoTyyaeM
- L 1l [
Ext 2 (f), < of f,—+ SK|— . k=12 ...
Y
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1314 T.A. ATOHIKOBA

Hocmamounocmb. M3 00paTHoi Teopembl IkeKcoua cregyer

1]
i - n _ " '
(U(f,TJ < % 2AE2k--2k{f)\y < E‘lﬁ_ln_ 2#(%) —

C,”A_]_i(zl—u )I‘ < CH!Aizn(l_O:) — Qﬂ_A_(.L]U
4 o = 4 27 4

Aprop Bbipaxaer Oaarogapuocts  C. A, [THuyroey. N0 PyKOBOACTBOM KOTOPOTO BBIMOIHEH:A

31a padora.
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