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AIMPOKCHUMAIIMA AHU30TPOIHBIX KJIACCOB JIMITIIIUIIA
B METPUYECKMX ITIPOCTPAHCTBAX L,

Aromxosa T. A., Iliuyros C. O. Anp i izoTp x xaacis Jlin-
WHOS B METPHYHMX npocropax Ly. [las npocropis, ix dyHKuieo ¥ — THmy
pep Ti, i B Gar iy y BRUOAAKY NpsiMa Ta obeprena TeopeMu
Tuny [xexcona ta Beprmredina nas yeep 6. y MR pyHKui
Ta OTp KOHCTPY F P amisoTponamx knacis Jlimmuua npx niaxoas-
uiemy posGuTTi TOpy nepiony.
Kuowosi caosa: pep Ti, Ky ana ¢ynknis, npama Ta obepuena
pemu Tamy [ Ta Bep a, anisorponsuit kaac Jlinmuus,

Aromxosa T. A., INuayrop C. A. Ammp P IX KJac-
cos Jlunmmna B MeTp) pocTp L¢.  Jnsa npocTpancTs, onpeue-
aennbix dyuxumeRt ¢ — THOA per TH, B MHOTOMED cyqae

P u 0bp pemsi Tina L » Bepnmrrefine ans ycpeaHeHHBIX npubam-
AKenust Kyc bMu Py M NOJYHEHA KOHCTPYKTHBHAS XADAKTEDHCTHKA
aHu3oTpouHLIX Kaaccos JI npu pasb TOpA fep
Kaouesnte pep Ky by i "
obpaTtnas Teopemnt Thna Jxexcona n Bepumredina, anusorp #t iace JI

Agoshk T. A., Pichugov S. A. Approximation of anisotropic Lipschi

1 in metric sp Ly. For spaces defined by the function ¥ of the type of mod-
ulus of continuity, we prove the direct and converse Jack and Bernstein-type th

for the mean approximations by piecewise constant functions and we obtain a constructive
characterization of anisotropic Lipschitz classes for a suitable partition of the period torus.
Key words: modulus of continuity, piecewise constant function, direct and converse Jackson-
and Bernstein- type theorems, anisotropic Lipschitz class.

BBEJEHME. Paccemorpum npoctpancrso R™ rodex x = (21,...,2Zm), m > L.
Tlyers f(x) -aefteTBuTenbHO3HAYHEE DYHKIEH, HMEIOMHe NepHos 1 1o Kax o ne-
pementofi; T™ = [0,1)™ — ocrobro# Top nepuosos; Lo(T™) — MHOXECTBO BeeX TAKHX
yHKumi, KOTOpble NOYTH BCoRY Ba T™ KoHedHs B H3MepHMET; ) — knace dymkuunit
¥ : R} = R}, aBAmomuxcs MOZYNSAMA HETPEPHIBHOCTH, TO €CTb 1) — HEMPEPHIBHAR
ney6rsalomas dynxmusa, (0) = 0, ¥(z + y) < $(z) + Y(y) ana Beex z,y € R}

Ly(T™) = {f € Lo(T™) : [|fllg := J ¥ (If(x)]) dx < 0o} — nuneitnoe merpue-

Tm
cxoe mpocrpanctso ¢ merpuxolt p(f,g)y = ||f — glly. Cpemu npocrpancrs Ly pax-
neftrmamu siBasiiorest npocrpanersa Ly(T™), 0 < p < 1 (cayuait (t) = t¥) u Lo(T™)
¢ Tonosorueit cxomamoctr no mepe: || fllo =r'[v- (| f(x)).ax, (t) = -

(©) Aromxosa T. A., Tlnuyros C. A., 2013
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Onpegnenenne 1. [lod modyrem pep dymxuuu f e npocmp
Ly(T™) npu h € R}, 6yden nonumams

w(fh)y = g [l a¢ fllws

2de theo = max [6], B¢ £(2) = fi@) — F(@), fu@) = @1+ tryeevrocsZm + ta).

Onpepenenue 2. [z a € (0,1] onpedeaus waaccw Junwuya
AST™) = £ € L™ : wlfih)e < C®, b (0.3)):

Jns kaxaofl U3 m KoOpAMHATHBIX oceft orpesox [0,1) pasbusaen Ha OTpeskm
PaBHOM [UTHHEI ¢ NOMOMBIO 2/% PABHOOTCTOAIIMX TOUEK BHJA:

5',"7, i=0,1,..,20% 1,
rae uagexe k (k = 1,...,m) ykassiBaer HOMEp OCH.
Takum ofpazoM nomydaem pasbuchme OCHOBHOro topa I™ Ha 22‘:! & napanne-
NeNHIeN0s BRAA:
ik ik +1
I, s = {xeT™: 2'1_ k< g5,

rae ig =0,1,...,2% =1, k=1,...m

, k= ls-"vm}v (l)

Onpenenenue 3. Onpeéuuu‘ccpeaLg;. 2im MPOCTP
Gynnuutl Lys,  oim , 300aNNT Medmoluuuoﬁ)asau.

KYCOYHO-

211 gim_)
‘zn...zrm(”)= Z Z blx---t'an‘xW‘m (z).
=0 im=0
1, zell
et e 20
i
Onpegenenne 4. Eyy  gim(f)e = s iél‘f" f [[fe = Lon . 29m lwdt ~
1..2im 1...20m
yepedr WU, a nepuode 6 memp L,.(T'")f,,f MU
nodnpocmancmea Loy _osm -
Onpepy 5. Hod M modyaesm yuu f no ne-

pemennoti Ty (1 < k < m) 6 npocmpancmee L,,(T"') npu heR) 5yae.u nonumems

wk(f,h)y = sup || Ayer fllgy kK=1,...,m
lealSh

2de Do, f(2) = flz+trer) — f(2), e - P, k-2 xoopd pozo pasha
1, a ocmaavnsie xoopdunamse — HYAL.
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P 4 3

Onpeanenenne 6. Jasa; € (0,1), i = 1,...,m, onpedeaunt P xaac-
cw Junwuya

Ao (I) = {f € Lo(T™ 3G, anlf By < On°, he (0.3) k= 1,.cam).

Jns nepuomutteckux dbynkuuii omuoi nepementoit a3 L, npu 0 < p < 1, B cayyae
NpHGIIKEeRUs TPHIOHOMETPHUYECKHMH NOJTHHOMAMH, NpsiMas ¥ oOpaTHas TeopeMbi
Jxexcona 6bun fokasanni nesapucumo B [1] i [2]. M3 nux cregosana KoucTpykTus-
Hast xapakrepuctika kiaccos Jlunmuua Ag(T"):

Teopema. [1], [2]. IIyems f € Ly(T"), 0 < p < 1. Tozda npu Yo € (0,p)
wmeem

en) o Enp<(l) n2o

1
20e EL(f)p = inf||f - Tull, = l,;tfof |f(z) — Ta(z)|Pdz - nawaywuwee npubruacenue f

6 Ly(T") mp o MU Me enwe n.

A mns nepuommueckux dbynxuuit oot nepementiofi u3 Ly (T!) npamas n o6-
patHas Teopemb! JIxkekcona, B cilydae MPHOIMIKEHHS TPHTOHOMETPHYECKHMH MOTH-
HoMam#, 6buTH nosytenst B (3], [4]. Bristcimunocs, 110 cnpaBeIHBOCTS 3THX TEOpEM
38BUCHT OT HHIKIErO MOKA3ATENA PACTKEHAN Yy DYHKIHK V.

Onpeaenenue 7. [5, C. 75). Hycmn p(t), te (0, oo). - NPOU3EOALHAR CMPO2O
NOACHCUMEABHAR 6C10dY Konewnas Pynnyun. Ee dy p
g0 M(s), s € (0,00),

M,(s) = sup plat)

o<t<oe P )
O6uwe cpoitcrsa M,, B [5, c. 75-78].
Onpepenenue 8. v, - i AL DAL Pymryuu p(t) € Q,
mo ecmy!
1) v, € [0;1);
2) My(s) > 8", Vs € (0;1];
$) Ve > 0 3C.:
M,(s) < Ces™™¢, s € (0,1).
Teopema. [3].
1. Ecat vy > 0, mo umerom p mea I
sup  sup B < oo.
n seLy, w(£.3),
2. Ecau g = 0, mo nep A 6 diop

sup su Ex(f)e
n feLy(rh), @ (fran)y
J#const

HEBOIMOJNCHY HU NPU KAKOM EDO0PE NOCAED {an}, an >0, ay | 0.
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Teopema. [4]. Hycms vy > 0. Tozda watidemcs xonemanma C = C(1p) maxas,
umadmacezfebq,(T')uecezhe(O,i] UMEIOM MECTIO HEPABENCTNER

w(f, By < CZ M“’("')B'

i=1

1(fe-

Koncrpyxrusnas xapakreprcrika Knaccos Jlammuua Ag(T"):

Cnencrsue. [4]. [Tyemo f € Ly(T") u vy > 0, mozda npu Va € (0,7y) umeem

1R & Efo<ks (1) nen

Taxum 06pazoM, B ciryyae NpHOIMIKEHHS TPHIOHOMETPHYECKUMH OJHHOMAMHE, B
npocrpancrsax Ly (T!) npa v, = 0, nanpumep 8 Ly, Teopenm [IxeKcona HeT, & 3a4UT
¥ HET BOBMOXKHOCTH NOJIYYATb KOHCTPYKTHBHYIO XapaKTepHCTHKY Kiaccos JIunmuna.

B [6] ans nepuozmueckux dbynkumit ommoR uepeuemxon u3 Ly(T"') noxasanni
npamas H obpaTHas Teopemst J1, Ans ycp KYCOUHO-
bynx ¢ paBHOMEp pas6reruen, orrxy;m cJ1e0BaJla KOHCTPYK-
THBHAS XAPAKTEPHCTHKA Kiaccos Jlummuua A (T1

Teopema. [6]. Jar Vi € Q, Vf € Ly(T") u Vo € (0,1) useern mecmo snsusa-
aenwmmocm

FeAyT) & Ew(f)¢<0(2,,)o. keN.

B 9TOM MpOABRIIOCH MPEUMYTIECTBO ANMPOKCHMAIIHH KYCOMHO-NOCTOSHHBIMH (yHK-
UMAMU B CPABHEHHU C NPHO/IMKEANEM TPUTOHOMETPHYECKIUMH TIOJHHOMAMH.

B [7] noayuen muoromeprbilt anasior npsiMoft 1 06paTHOR Teopem Jkexcona as
ANNPOKCHMALMH KYCOYHO-NOCTOAHHBIMH (YHKIHAMH C PABHOMEDPHBIM Pa3brerneM To-
Pa NepHoAa H, KAK CJIEICTBHE, NOY4CHA KOHCTPYKTHBHAA XAPAKTEPHCTHKA H30TPON-
upix knaccos Jlammuua AZ(T™) :

Teopema. [7]. das ¥ip € Q, Vf € Ly(T™) uVa € (0,1) umeem mecmo sxeusa-
aenmuocmy

FEAST™) & En nl(f)e<C (21,‘)  keN.

B nacrosimeft pabore, B caytuae UpHOIDKEHHS KYCOUHO-NOCTOSHABIMH yHKIH-
AMH ¢ a3l HA e napan JIbi OCHOBHOTO TOp& NepHoja, I
YCPeAHERHEIX npnﬁmnxemm JoxasaHbl npsmas i obpartuas Teopemst [xexcona. W
MPH DOAXOAAMEM PAa3GHEHHH NOJIyUeHa KOHCTPYKTUBHAS XaPAKTEPHCTHKA AHU30TPON-
ubix Knaccos Munwnna Ag' - (T™).
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OCHOBHBIE PE3VJIBTATHI.
1. IIpsmas u o6parras Teopemsl [IXkexcona,

Teopema 1. Jas Vi € Q uVf € Ly(T™) enpased. p
- = 1
E , 5. m(f) < f)_~ R (2)
P kggwk( ”')w

Hoxkazarenserso. [lns oueHKE cBepXy JOCTATOMHO OFPAHMYUTHCS BCIOLY MIIOT-
M B Ly M pep 1x Gynxumit. B kavectse aunpoxcmmupyomett
dynxuan BrGepeM CleAYIOmHM 06pa3OM ONpeaeNeH Y0 GYHKIMIO Lo gim 3 Lon . gim*

211 2m_g

1..28m .fv f " ny ? ( )'
om0 = 3o 3 1 (g o
Eyn.om(flo =, " of I fe =Tt 2om llgdt <

T£ [lfe = lan .atm (fe) l|¢dt— f f 'ﬁ(lfc(x)—lvx 2tm (fe.X)|} dxdt =
211 a’"--n‘;% Li'?ﬂ

=f ¥ oo I 0 (lfel@inzm) = fo (G 385)]) dor-domdt =
™ iy=0 -o ;‘_ #._
2’ -1 2im_1 15{; oo "
X e J LU (fe (@t i+ ) — £ ()]) dtdzy..dz =
ll=0 im—o é\f ;‘ﬁ' ™

2’1 2"'—1;97 T
- f f [ % (If @1+ b1y Tm + tm) — £ (£)]) dtdzy...dzp
( no im :O ™
Pnocuorrpm OTAENLHO NONYYEHOe HOJAHHTErPAILHOE BbIPAXKeHHE
Y(f (@1 + 1,y Zm A+ tm) — f(E1y- 0 tm)]) €
SY(f 42 tm 4 2m) = f (G t2 + 22 b+ Tm)|) +
+(If trta + T2 s tm + Tim) — £ (t1, 2y b3 + 23, - . st +Tm)]) +
+"'+¢(U(th"'vtm—htm +:m)'—f(th-~-|tm)|)'

Taxmy o6pa3oM, nosygaem

Eﬂ’l 2im (f)p <

o1 om_1 T T
<Yy .r [ f (1Az,0, fll + -+ Bz o fllv) d2y...d2m =
=0 im=0 0
) ;9.- Fmom ®
=2t [ [ 3 Ao fllwdzr..dom =
® 0 ;}_ksl

= 5 U [ Do fllpdai.
k=1

[

M3 (3) creayer (2). Teopema 1 sokasana.
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l’lycn. {Jk(u)}::l = P mue HOCTH HATYpaJib-
HBIX 4Hces ji(v) npu xaxgom duxcuposannom k, rae k = 1,...,m. Ilpn duxcu-
posaunom k (k = 1,...,7m) ¢ noMomsio nocaexosateasnocts {jx(v)}5%, yerpansaem

pasbrenue coorsercrayiomeii k-oft ocu p AMAIMHE TO
W_':_k(v;' l‘k = 0. 1, weey 2".(”) -

Jas ynobersa obosHaTmm
Exau(f)e = Egner_apimer (s baow := b, aimer, vEN.

Janee nonyuum sepasencrsa THna Beprmrefina sns npupamennft KycouHO-10-

cToARHbIX (ynKunit, puie 6yayT Bl PH cTBe 06paTHON
Teopembr JiKexcona.
Jlemma. Jax awboit gyroyuu b, uaL-p.,u-l .wn, n € N, npu hy €
(0 W]"mltk|<hk n P
18 entaa o < R llpa, |lg, k=1,2,...,m. (4)

Hoxazarenascrso. Ilyers o, € Loyq,, v =1,...,n, Toraa

G4l
Wy gim(i_y AT

dml,
'"”""¢= Z E .f I w(lbi,.,.i.l)d‘tl...dlm=
I ®)
My iy .

= 1 ; b
'Hl o) ngo ‘Z ¥ (1bi,...im 1)
Tax xak hi < a.‘r:r- k=1,..,m, 10

lAuetaanllv = 1!- ¥ (1860ub200 [) dz <

2hW 1 imiviy
2 Yy . X V’(Ibh---t-J)l-‘(ui‘...i._. TR i.,,...i,./ﬂi....t..),

0=0 =0

rae p(A) - m-mepnas mepa Jlebera muoxecrsa A.
U3 onpenenenus pasbuenus (1) nomyvaenm

L
u(lly, i) = H PACK
=1

Torza =
I‘(n(....i.-. inttn2ie i.,‘...i../niu-r.l-.) = ‘l;[l E‘M'

(o -w) s < ot -0-2om=
a#
= ), ﬁ‘ .
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U3 (5) u (6) surrexaer

Wwi_y  gfm@) g

24
1At e taan lly < 2@+ ﬂl—-n E . 12-0 Y ([biy..iml) =
= ”“”’*'halllzc- lles

k=12, c,m:

Jlemma foxasana.

Teopema 2. Jaz Vip € Q uVf € Ly(T™) npu y , Nmo e
noemu namypaavrux wucea {Ji(v)}o_,- mmnmmoooamammumupunmchu
duncuposarnom k, 2de k= 1,...,m un € N, cnp P

w (f s ml(n)), s 2;..1'}:):2 ,z;:yk("mz‘*v (Fys k=1,2,..,m. (O]

Joxasarenscro. Puxcupyem n. Tak xak (lye, —lyq,.; ) = KYCOTRO-HOCTOSHRAS
yHKIES, TO N0 AeMMe Aa8 ¥ < N HMeeM

1
o (b b ), < @ e bl @
Ilns 3anansoit f u np ro € > 0 ssibepem lya., ¥ = 1,...,n, yaosuer-
BODFIOIHE YCHOBUSM:
[ 15 eyt < Boan (1o +e. ©
Tm
Torza, yuursisas (8) u (9), nonywaesm

wr (), = L o (o k) 86 < J o (= ooms i) ot
4o (aans ), = [ o (= s i)
o (tm +3 (o —tga.-.),mlra)¢ < Lo (A~ laon, ) b+
R o R T
sardier E; M0 [ Mgaw = fot o=yt < 2 (Ban (o +€) +
+gder 302 (Bran (fo +e) < 26+ 25k 32 2402 Ban (e +) =
= st 30 1)y +2 (1 + b 3 zhw) '

H BBH/Y NPOM3BOJILHOCTH £ oTciona cieayer (7).
Teopema 2 nokasana.
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2. KOHCTPYKTHBHAS XAPAKTEPHCTHKA AHWIOTPONHBIX KJIACCOB

Teopema 3. Jas Vi € Q, Vf € Ly(T™) uVox € (0,1), k = 1,...,m, umeem

ade6=3:}_+—_: © A - KOHCTANMA, He JABUCAULAR OM N.

a3
Joxazarenscrso. Ionoxms ji(v) = [u% ,oaeveEN, k=1,..,m.

Epsl A-*)‘”““"("T’H)ﬁ"é(;{fﬂ) i

<of (h=) =ofom ()" -4,

2" e

rae A — KOHCTAHTS, He 3ABHCAMAdA OT 1.
JHocraroarocts, Iyers aas mobolt bynkumn f € Ly uVay € (0,1),k = 1,...,m,
BHITIONHSIOTCS HEPABEHCTBA

- n
Tpu xaxzom duxcuposannon k (k = 1,2, ..., m) nocneosareasHocT {[u;}_]}zl
MOHOTOHHO BO3DACTAIOT, IOSTOMY IO Teopeme 2 npa fy = m o, yaursisag (10),
al"ax

= (2 ) < iR S ALy aies
<AT—L]—>:z[" ) (3)° <Ad=ErE @) -
A Bl 5;9#2( D - )=

- ()"0 )

e Ay — KOHCTaHTA, He 3aBHCAIAA OT
Tmepnmunpomuwmhge(o 3] (k =1,..,m) naiigem n € N Taxoe, at0
Torza

< he <
2--ﬁ— 2.-“;-‘

] < 2 | £y <B < Bhg*,
stz (ik) <2 (i), =2 () <>
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rae B - xoucranTa, He 3aBECAIAS OT 7.
Teopema 3 fiokazana.

SAKIIOYEHME. B npeacrasiensofl cTaTse M yCpeAHERNBIX npHGImKenmit

TlIpn nomxonsmem pasGHEHUR YAANOCH NOAYHMHTh KOHCTPYKTHBHYIO X8PAKTEPHCTHKY
tmwmonmxmcosﬂmnmm AGH*m(T™), kotopas, B cytse KOrga ap =

=...=am—a,mmmncrpmmynxapamepmxymrpmxmwoa
'InmnmmA,(T")
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