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This paper covers calculations of the activation energy of surface diffusion of ad-atoms on the substrate surface
from the point of view of thermal oscillations of substrate atoms and ad-atoms. The main characteristic of
oscillations of atoms and geometric mean frequency was calculated based on statistical approximation of the Debye
model using the reference values of entropy and heat capacity of metals. The basic principle of the model of
activation energy calculation presented in the paper is the formation of potential wells and barriers during
oscillations of atoms localized in the sites of the lattice. Oscillations of atoms were considered in the framework of
quasiclassical quantum approximation as the oscillations of harmonic oscillators in the potential parabolic wells.
Dimensions of the negative part of values of the potential well energy were determined by the amplitude of thermal
oscillations of atoms. Positive values constituted a significant part of the potential well energy values. Barriers were
formed owing to interaction of positive values of the energy of parabolic wells of adjacent atoms. Therefore, in
order to make the ad-atom jump, it is necessary to get out of the potential well having the negative values, and to
overcome the potential barrier. The energy required for the ad-atom jump on the substrate surface was the activation
energy of surface diffusion. The results obtained in this paper agree satisfactorily with the results of another method,

which is based on determining the energy of ad-atom binding with the substrate atoms.
Key words: activation energy, ad-atom, thermal oscillations of atoms, geometric mean oscillation frequency,
amplitude of oscillations, heat energy, potential well, potential barrier.
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Introduction

Surface diffusion, which consists in the transfer of a
substance on the surface of the solid-state body, plays an
important role in many surface processes and chemical
reactions, such as adsorption, desorption, crystallization,
wetting, thin-film growth, and formation of nanostructures
[1-3]. Surface atoms become mobile ones owing to
random thermal fluctuations. The important characteristic
of surface diffusion, which determines the rate of thermo-
active process at a given surface temperature, is the
activation energy of surface diffusion E.. Surface
diffusion is studied experimentally using the methods
which allow recording the result of the atom movement
(labeled atoms, measurement of work function, field
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emission microscopy) [4, 5]. However, the experimental
evaluation is associated with a number of problems related
to purity of samples, capacity of indicator elements,
surface oxidation and so on.

Theoretical calculation of Ea is a difficult task, since
the real surface of the crystal exhibits inhomogeneous
structure. As a result, the surface energy relief of
“substrate—ad-atom” system changes [6], creating the
difficulties for determination of the diffusion coefficient
and E.. Existing theoretical methods for E; calculation are
mostly based on the energy of ad-atom binding with the
atoms of the substrate surface (for example, the embedded
atom method, or EAM) [7]. This method represents the
total energy of the system as a sum of the atom penetration
energy and electrostatic energy. The penetration energy is
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calculated using the method of the local density
functional, which determines the atom binding energy and
depends only on the local density of electrons. The use of
this method requires a fitting procedure [7, 8] and in some
cases leads to inaccurate results [9]. Another method
presented in [10, 11] allows to calculate E, without fitting
procedure. This method consists in correlating E, of ad-
atoms with the change in cohesion energy of these atoms
with the nearest neighbors of the crystal at the time of
jumping from one position to another. In [10] Ej is
calculated for the self-diffusion of ad-atoms of all
transition and rare-earth metals on the tungsten surface
(110). As a result, the values, which agreed satisfactorily
with the experimental data, were obtained. The most
accurate method of theoretical calculations of Ea [12] is
the development of cohesive approximation. This method
is based on the calculation of the total energy of ad-atom
with the substrate in each position of the ad-atom
diffusion. The diffusion activation energy was determined
as a difference of this energy in the equilibrium adsorption
position and in the transition saddle point. The total
energy was calculated using the density functional theory
[13] with high accuracy of the results. Calculation of Ea
for ad-atoms of nickel, copper, zinc and iron on the surface
of the copper substrate is given in [12].

This paper proposes the theoretical method for
calculation of the activation energy of surface diffusion of
ad-atoms on the substrate surface, which considers the
amount of heat energy required to perform the movement
of the ad-atom on the surface, instead of the change in
binding energy. This energy can be found based on the
model of thermal oscillations of oscillators of ad-atoms
and substrate atoms in the potential wells, which are
formed by propagation of the Coulomb field of ions of the
substrate crystal lattice. Results of E, for ad-atoms of
nickel, copper, zinc and iron on the surface of the copper
substrate obtained in this paper are compared with the
results of [12].

I. Calculation models and methods

Surface diffusion of ad-atom on the substrate surface
can be represented as a movement over the distances of
the appropriate levels between the adjacent adsorption
positions. Adsorption positions of ad-atom on the
substrate surface are in places of energy minimums.
Therefore, ad-atom surface diffusion can be represented as
a sum of ad-atom jumps between the sites of the crystal
lattice at the level of distance.

Let’s consider surface diffusion of ad-atoms on the
copper surface, which has fcc lattice, in the plane (100).
Ad-atom is located in the lattice site A in the plane (200)
at the distance of 0.5¢ (¢ — parameter of crystal lattice)
(Fig. 1). We shall investigate the diffusion of ad-atom
from site A in two directions: to position of site B and to
position of site C. The distance between sites A and B is
/0.5, and jump length between sites A and C is equal
to c.

At the given temperature of the system T, atoms of the
crystal lattice of copper and ad-atom located on the
substrate perform thermal oscillations and have a
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Fig. 1. Diffusion of ad-atom on the surface of crystal with
fce lattice: A — initial position, B, C — end positions.

corresponding heat energy of oscillations. The jump of ad-
atom to the adjacent position in the site B or C is carried
out in the case if it has the sufficient energy for this. The
difference between this energy and the energy of thermal
oscillations of ad-atom at temperature T is the activation
energy of ad-atom surface diffusion. The energy required
for the ad-atom jump will be calculated based on model
representations of oscillations of the atom oscillators. We
represent copper atoms and ad-atom as oscillators
performing thermal oscillations at a given temperature of
the system with certain frequency, and consider the
geometric mean frequencies of these oscillations. The
geometric mean oscillation frequency @ is expressed as
follows [14]:

_ ZYaln(wg)
BT

Inw (D)
where ®, — oscillation frequency of the oscillator a,
3Nv — quantity of oscillators. Now we shall calculate
geometric mean oscillation frequencies of copper atoms
and ad-atom, based on macro-parameters. The Helmholtz
free energy of distributed oscillators takes the form [14]:

o)) = kT Zain (522).

kT

F=kgTY,ln (1 —exp (— 2
where A — the Planck constant, ks — the Boltzmann
constant.

For high temperatures in the Debye approximation (7
> 0/4, 6 — the Debye temperature) the exponent indicator
can be considered a small value and it is possible to
expand the exponent into series to the first term:

_ 3NvkgT hwg)
F=22505 In (RTT) = 3NvkyT In( hw) —
—3NvkT In(kgT), ®)

From equation (3) we express the energy using the
relationE=F+ TS, S = — g—;, where S is the entropy. We
obtain:

O0E
—_ E —_ 3NVkB,

E = 3NVkBT, CV (4)
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where Cv— heat capacity at a constant volume. Expression
(4) agrees with the Dulong-Petit law, where Cy at high
temperatures is equal to 3R, R — gas constant. Then in
expression (4) the value 3Nvkg can be correlated with the
value 3R = Cy.

On the other hand, using expression (3) and the

. JoF .
relation S = — T we can write:

S = 3Nvkg (ln(kBT) —In (”7’”)) =C,In ("::), (5)

From this, we obtain the geometric mean oscillation
frequency of oscillators:

ekpT

@ hexp(%), (6)

Therefore, taking from the reference data [15] the heat
capacity and entropy of substances at the corresponding
temperature (in our case 7 = 295 K), we can calculate the
geometric mean oscillation frequency of copper atoms and
ad-atom.

Let’s represent the ad-atom and copper atoms as
harmonic oscillators which perform the oscillations with
the amplitude a. The amplitude of oscillations of copper
atoms and ad-atom is calculated from the heat energy E::

E, = C,T = -mw?a?, @
where m — mass of atom.

We consider oscillations of the oscillators within the
framework of quasiclassical quantum approximation in
the potential parabolic wells of width 2a (Fig. 2). Despite
the fact that atoms are large, we’ll consider the oscillations
of atoms in potential wells as point ones, as presented in
[16].

Energy of the oscillator in the potential well takes the
form [17]:

Fig. 2. Parabolic potential wells with the width of 2a and
depth of E, of adjacent atoms, formation of the barrier in
the interaction of positive values of parabolas.

E, =hw (n + %), (8)
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where n — principal quantum number. In order to
determine the stationary states of a particle in the
quasiclassical case and find n, we write the Bohr
quantization rule [17]:

%f_aa pdx =m (n + %) 9)

where p — particle momentum. Since p =./2mE, =

2mhw (n + %) expression (9) can be presented as:

% ’2mhm(n+%)2a = n(n+%),

where n — positive integers.

Therefore, calculating n from (10), we can determine
the energy level of a particle in the potential well and
depth of the well from (8). It should be noted that the use
of quasiclassical quantum mechanical approximation in
the above calculations is possible since the condition of
Wentzel-Kramers-Brilluen quasiclassicality is met [17]:

-

where A — de Broglie wavelength, p — atom momentum;
size of the well is considered as x. In our case (11) will
have a value of the order of ~ 103, which is less than unity.

It is to be noted that the energy of the parabolic
potential well where the structural copper atom is located
has insignificant negative values equal to (8), which is
generally determined by the amplitude of thermal
oscillations of copper atoms in the crystal lattice. This
region of the spatial oscillation of atoms is formed due to
generalized distribution of valence electrons. However,
significant part of energy of the potential well, in which
the atoms are localized, has positive values:

(10)

S o) B

p22m(E~E,)  P°

d

dx

L) = = «<1, (11)

p?

2
E==7(x—b)’ — By,

(12)
where x — current coordinate, b — coordinate of the
parabola center.

Adjacent parabolic potential wells of harmonic
oscillators of the copper atoms of the crystal lattice form
an energy barrier [18, 19] determined by the structure of
adjacent parabolic wells and the distance between them.
The potential barrier is directly formed outside the
negative values of the well in two directions at the
interaction of positive energy values of adjacent atoms of
the crystal lattice (Fig. 2) [19]. Owing to interaction of the
similar positive charges of copper ions, the structural
stability of the crystal lattice of the substrate is built, since
the atoms under the action of the field remain localized in
the space of the lattice sites [20]. At the same time, the
adjacent potential wells of atoms will interact in a way that
the total flux of vectors of Coulomb field strength is
proportional to the total ion volume charge density, i.e. the
Poisson equation of electrostatic fields is fulfilled [21]. It
will lead to mutual weakening of the interacting strengths
of the charge fields as the boundaries of potential wells
converge according to the law corresponding to the
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relation ~ AE = where o — energy determined by

a
@
the fluctuation processes, Ar — distance between the
boundaries of adjacent parabolic wells. We assume that

2
ma . .
a=— (Ax)?, where @ is the geometric mean

oscillation frequency of the atom in the well, Ax is small
shift of the parabola coordinate by means of fluctuations
of the charges. Since Ax is determined by the fluctuation
processes, we can use the Heisenberg uncertainty ratio for
its calculation. In our case, Ax is 0.055-1071° m on average.
In order for the correction AE to have the energy
dimension, we shall normalize Ar? to the full distance
between the coordinates of the centers of parabolas r2.
Therefore, correction to the energy values of parabolas is
as follows:

_ mw?(Ax)?r?
AE = — =" (13)
When  sufficiently small  distances between

coordinates of parabolic dependencies of energies are
reached, their values disappear completely because of
correction (13). Thus, the final energy values of potential
barriers are determined taking into account the correction
(13).

I1. Results and discussion

Let’s consider the direction of ad-atom movement
AB. We will assume that ad-atom in its initial position A
has four nearest neighbors of copper atoms; at the time of
jump, ad-atom has two neighbors of copper atoms. The
geometric mean oscillation frequency of ad-atom, when it
is placed on the substrate, will change insignificantly
compared to the geometric mean frequency calculated for
this atom by formula (6), since the entropy and heat
capacity of the atom at a given temperature will change
slightly. For ad-atom movement from the initial position
A to position B, it should have additional energy, i.e.
activation energy. This energy should be sufficient firstly
for the exiting the potential well, the depth of which is
determined by formula (8), and then for overcoming the
potential barrier formed by two ions of the copper
substrate at the time of the jump. After that, ad-atom again
enters the potential well in position B. Using formulas
(6 - 10) we calculate the geometric mean frequencies,
amplitude of oscillations, quantum numbers and depth of
the wells for the ad-atoms of nickel, copper, zinc, iron, and
copper substrate atoms. The results are given in table 1.
Next, we shall consider the barrier of two atoms of the

E, eV 4.0
3,5
3,0
2,5

2,04

0,54

0,0 +— ——— —

4 5

X, 100 m

-0,5

Fig. 3. Potential barrier formed by positive values of
energies of two parabolic wells of copper atoms located at

the distance of r = c/+/2.

copper substrate, which are located at a distance
r = ¢/v/2, where ¢ is the parameter of the crystal lattice of
copper. We construct two parabolas (12) with the distance
between the centers equal to r = c/v2, taking into
account the correction (13) (Fig. 3). Fig. 3 shows that,
when the parabolas converge, the energy values exceeding
2.0 eV will disappear. That is, height of the barrier taking
into account the correction (13) will remain at 2.0 eV.
However, ad-atom passes at the distance of ¢/2 from the
surface of crystal lattice of the substrate, whereas the value
of the formed potential barrier is determined at the level
of the substrate surface. Therefore, the energy of the
potential barrier acting on ad-atom will be lower by the
magnitude equal to the energy function determined by
(12) from the coordinate ¢/2, taking into account the
correction (13):

e =" (c/2)? - E, — AE, (14)
where the correction AE was calculated at the nearest point
of the parabola to the vertex. Therefore, in the direction of
AB, ad-atom should overcome the barrier E, equal to
0.13 eV. The final values of the activation energy of ad-
atoms E, in the direction of AB:

E,=E,+E, —E, (15)
are presented in Table 1.

Let's consider the direction of AC of the ad-atom
diffusion. As in the previous case, ad atom in position A
has four nearest neighbors of copper atoms (Fig. 1) and is
localized in a potential well, the depth of which is
determined by (8). At the moment of jump, the ad-atom
passes over the copper atom. Like the copper atom, ad-

Table 1

Values of thermodynamic and oscillatory parameters of ad-atoms, calculated values of the activation energy of
surface diffusion of ad-atoms in the directions of AB and AC

C.. s, @, 101 a, 1110' c w E\b/, E., eV Ea eV [12]

Jmol'’K | J/mol'K rad/s o n|Eve Zc AB | AC | AB | AC

Zn 25.40 41.6 2.03 236 | 8 | 0078 | 1.16 | 016 | 1.19 | 0.15 | 1.30
Cu 24.44 33.1 270 175 | 7 | 0.075 | 1.04 | 018 | 1.09 | 0.16 | 1.13
Ni 26.10 29.9 3.33 154 | 7 | 008 | 1.70 | 021 | 1.78 | 0.24 | 1.90
Fe 25.14 271 355 145 | 5 | 0077 | 111 | 018 | 1.16 | 0.18 | 1.30
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atom also has four neighbors (Fig. 1) and for the certain
period of time, at the moment of transition, ad-atom and
copper atom will be localized in the potential field formed
by four copper ions. Consequently, for some time between
ad-atom and a copper atom in the given field a potential
barrier repelling the atoms can be created. However,
action of the energy of the potential field on ad-atom will
compensate for the action of the potential barrier between
atoms. Therefore, for exiting the energy action of the
potential field of four copper ions, ad-atom should have
the energy equal to the energy of the potential barrier. In
order to move from position A to position C, ad-atom
should have the activation energy sufficient for exiting the
potential well to A and overcoming the energy action of
the field equal to the energy of potential barrier created by
copper atom when interacting with ad-atom.

The depth of the potential well of ad-atoms of nickel,
copper, zinc and iron in position A is calculated as in the
previous case. Let’s consider the potential barrier at the
time of ad-atom movement over the copper atom. The
distance between ad-atom and copper atom is equal to ¢/2.
Constructed barriers taking into account the correction
(13) and the distance between wells ¢/2 are presented in
Fig. 4. On the left there is a parabolic dependence of the
ad-atom energy, whereas on the right the parabolic
dependence of the energy corresponding to the copper
atom is shown. As can be seen from Fig. 4, when the
coordinates of the parabolic dependencies converge, the
values of energy exceeding certain level begin to
disappear. Constructed parabolic dependencies of energy

05 10 "% 20 25 305 4 :
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of copper atom and ad-atom are non-symmetric. As a
result, the magnitude of the energy of the ad-atom
repulsion from the copper atom varies depending on the
position of the barrier asymmetry in relation to the ad-
atom. Therefore, we assume for simplicity that the energy
of the potential barrier which the ad-atom should have to
overcome the action of the copper ion field changes. In
case of ad-atoms of nickel and iron (Fig. 4, a, d), point of
the center of the barrier is to the left by 0.05-10°m and
0.1-101 m. Therefore, the change in the value of the
parabolic function (12) at these intervals was subtracted
from the obtained value of energy of the barrier formed by
ad-atoms of nickel and iron with copper atoms. In case of
ad-atom of zinc (Fig. 4, c), point of the center of the barrier
is to the right by 0.13-10°1° m from the point of the center
of the distance between coordinates of parabolas. Thus,
change in the values of the parabolic function of energy at
these coordinates was added to the obtained value of
energy of the barrier formed by ad-atoms of zinc and
copper atom. Obtained values of energy of the barriers and
activation energy of ad-atoms in the direction of AC (15)
are shown in Table 1.

As shown by Table 1, obtained activation energies of
surface diffusion of ad-atoms of nickel, copper, zinc and
iron on the copper substrate surface in the plane (100) in
the directions of AB and AC agree satisfactorily with the
values given in [12]. Therefore, using the method of
thermal oscillations of oscillators presented in this paper,
it is possible to determine the activation energy of surface
diffusion of ad-atom on the metal surface, having fcc

E, eV
2,0
1,5
1,0
0,5
0,0 T
0, 10 ‘"'H;{ 20 25 5 40 4,
10
05 X, 10°
b
E,eV215_
2,04
1,54
1,0
0,54
00—
0,5 1,0 W 2,0 2,5 3,0 3,5 4,0 4,5
0,5- X, 1010 m
d

Fig. 4. Potential barriers formed by positive values of energies of two parabolic wells located at the distance of

r=c¢/2: a—nickel and copper atoms, b — two copper atoms, ¢ — zinc and copper atoms, d —
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iron and copper atoms.
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lattice, along with the method of [12]. It should be noted
that the main parameter, which allows making
calculations by this method, is the determination of the
geometric mean oscillation frequency of atoms from
macro-parameters such as entropy and heat capacity.
Advantage of the method described in the paper is that
there is no need for the construction of complex models
and calculation of energy of ad-atoms’ binding with atoms
of the substrate in several coordination spheres, and the
method does not require machine computation.
Underlying principles of this method can also be used
to calculate the activation energy of surface diffusion of
ad-atoms on the surface of the metal with BCC lattice, as
well as in other planes, for example (110). The basic
principles of the model of thermal oscillations of
oscillators are preserved when using this method to
calculate the activation energy of surface diffusion around
the growth step. It should also be noted that this method
can be used for making calculations at other temperatures.

Conclusions

The method for determination of the activation energy
of surface diffusion based on thermal oscillations of
oscillator atoms, which are localized in some space of the

lattice sites, has been developed. The main characteristic
of the oscillatory motion of atoms is the geometric mean
frequency determined by the approximation of the Debye
model.

Considering oscillations of oscillators within the
framework of quasiclassical quantum approximation in
the potential parabolic wells, we determined the depth of
these potential wells and height of potential barriers
formed owing to the positive values of energies of two
parabolic wells of adjacent oscillator atoms.

The results obtained for the activation energy of ad-
atoms of nickel, copper, zinc and iron on the surface of the
copper substrate agree satisfactorily with the results given
in using the density functional theory. Underlying
principles of presented model of thermal oscillations of
oscillators can be wused for the activation energy
calculations in case of BCC lattice of the substrate, other
diffusion planes, diffusion around the growth step and
diffusion at other temperatures, which will be the subject
of further research.
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Bu3znaueHHs eHeprii akTuBauii nopepxHesoi Audys3ii 3 mo3uuiil TenJI0BUX
KOJIMBAHb aTOMIB

Uninponempoecoxa inia depocasnoi yemanosu «Incmunym oxoponu rpynmie Ykpainuy, Yrpaina, JJuinponempoecora
o6aacmy, yu.syrovatko@gmail.com
2[Tuinposcokuil HayioHanbHull YHigepcumem 3anisHuYHo20 mpanchopmy im. axad. B. Jlasapana, m. [uinpo, Ykpaiua,
e.ph.shtapenko@gmail.com

B po6oTi mpezacTaBieHO TEOPETHYHMI pO3paxyHOK eHeprii akTuBarii moBepxHeBoi nudysii ag-aToMiB 1o
MOBEPXHI MiIKJIaKK SK TEIJIOBOI eHeprii, BU3HAYEHOT METO/IOM, 110 OCHOBAaHUH Ha TEIUIOBHX KOJIMBAaHHSX aTOMIB
KpHUCTaIiyHOi pemriTki. KonuBaHHS aTOMIB PO3IVISAAIOTHCA 3 MO3MLIN KBa3HUKJIACHYHOI KBAHTOBOI MEXaHIKH K
KOJIMBAHHS TapMOHIYHUX OCHWIATOPIB 3 JAESIKOKI CEPEeIHHOICOMETPUYHOI0 YAacTOTOK Ta AaMILINTYAOK B
napaboiivyHiii noTeHuiiHii smi. [Ipr poMy TOTEHIIHA siMa Ma€ HEBENHUKY BiJl'€MHY YacTHHY, PO3MIpH SKOi
BU3HAYa€ aMIUTITy/la KOJHMBaHb. 3HAUHY YacTHHY I1apalOoNiyHOi MU CKJIaJalOTh MO3UTHBHI 3HAUYCHHS EHEprii.
[NoreHmiliHMA Oap’ep (GOpPMYyeThCS TPU B3AEMOJIT TMO3UTHBHUX 3HAYCHb CHEPTil MapaboNidHUX sSM TIOPSI
PO3TalIOBaHUX aTOMIB KPHCTATIYHOI PEIITKH. AJl-aTOM IIPU IIEPECKOKY Yy CYCIJHE ITOJIO)KEHHS Ha IOBEPXHi
MiJKIIAIKA TIOBHHEH MaT! HEOOXIIHY €HEpTito 00 BUITH 3 MOTEHIIHHOT IMH, IO MA€ BiJl’€MHI 3HAYCHHSI SHEPrii,
Ta TPH PycCi MOJONATH NOTSHUIHHNI 6ap’ep, IO CTBOPIOIOTH MO3UTUBHI 3HAUEHHS CHEPTiil M CyCiTHIX aTOMIB.
Taxum yrHOM OyI1a po3paxoBaHa TEIUIOBa CHEPris, HeoOXiIHa I MepeMillIeHHS a-aToMa, IO CKIaJa€e CHepPrio
akTuBalii. B po0oTi mokazaHo, 10 OTpUMaHi pe3yabTaTH SHEPTiii aKTHBAIlil NOBEepXHEBOI AnQy3il HIKeIro, Mifi,
LMHKY Ta 3aJ1i3a [0 MOBEPXH1 MiTHOT MiAKIAIKU 33J0BUIBHO CIIBIAJAIOTh 3 pe3yIbTaTaMH, IO PO3pax0BaHi iHIIUM
METOJIOM.

KorodoBi ciioBa: eHepris akTuBamii, aa-aToM, TEIUIOBI KOJMBAaHHS aTOMIB, CEpEeIHBOI€OMETPUYHA 4acTOTa
KOJINBaHb, aMILTITy/1a KOJIMBaHb, TEIUIOBA CHEPTis, MOTCHIIHA Ma, TIOTCHITiiTHUI 6ap’ep.
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