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1. Introduction

Integration of Ukraine into the global economic system 
puts forward new requirements to the development and 
implementation of methods for the protection of economic 
interests of the state. Absolutely relevant is the need for 
achieving economic security when carrying out foreign 
trade operations. 

An increase in the competitiveness and quality of trans-
portation services for the economy should be promoted by 
the creation of sustainable, cost-effective system of transport 
and logistics.

Effective functioning of transportation sector at present 
is impossible without implementation of information and 
communication technologies, development of intelligent 
transport systems (ITS). ITS provide systemic changes 
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квадратичною апроксимацією функцій для аналізу про-
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through improving the efficiency, safety and environmental 
friendliness in transportation. Since 2003, technical and 
technological problems of improvement of the transporta-
tion systems have acquired special relevance. Development 
of ITS is regularly included in the agenda of the Committee 
on Inland Transport (CIT) of the UN ECE [1]. Over this 
time, a considerable progress has been achieved in solv-
ing particular technical problems. Discussion of modern 
problems on the management of ITS takes place within the 
framework of Task forces:

– on intermodal transportation and logistics; 
– on customs issues related to transportation; 
– on inter-state infrastructure projects.
A comprehensive analysis of the problems of transporta-

tion-logistics systems requires development of scientific ap-
proaches and information support in the process of making 
management decisions. Solving the problems of optimization 
of transportation routes, the choice of type of transport, 
designing systems in general requires consideration of differ-
ent content criteria, that is, solving the problems on vector 
optimization. 

The relevance of application and development of ap-
proaches of vector optimization to the analysis of transpor-
tation-logistics systems is predetermined by the processes of 
globalization that take place in the modern world, and which 
lead to the integration of economies of different countries.

2. Literature review and problem statement

Study of performance of transportation systems implies 
the application of systematic methodology and should be 
based on the combination of econometric, kinematic and 
technological components of the analysis of transportation 
processes [2]. Quality, efficiency, stability of the transporta-
tion process depend on many factors. They take into account 
volumes of cargo transportation, state of transportation 
services market, the throughput of transportation system, 
operational parameters of transportation vehicles, the cost 
of maintenance and organization of transport flows, etc. 
When assessing competitiveness of cargo transportation, it 
is important to take into account the contradictory nature 
of commercial interests of stakeholders of transportation 
process, which is characterized by an accepted level of 
profitability, timeliness, regularity of delivery, a degree of 
protection of freight. Predicting development of transpor-
tation processes is a multi-parametric task and requires a 
comprehensive approach, interconnected in all aspects, in 
order to solve it based on a thorough analysis and processing 
of statistical information.

Paper [3] describes categorization of the models and 
methods employed in different functional areas of logistics, 
authors analyzed theoretical and practical aspects of provid-
ing an effective solution to the problems on cargo delivery. 

An analysis of separate methods of optimization and 
their practical application to ensure the effectiveness of 
transportation processes are given in article [4].

Generalization of some classes of optimization problems 
allowed the author in paper [5] to highlight main directions 
in the optimization of transportation systems. To maximize 
the revenue of a transportation enterprise, it is necessary 
to route the traffic, to effectively load the vehicles, to ratio-
nally use manpower and technical resources in a transport 
node, to execute production and transportation planning in 

logistics systems by the criterion of minimal total costs, to 
determine optimal tariffs, etc. 

An analysis of existing approaches to the management of 
interaction between related enterprises in general transpor-
tation nodes is given in [6]. Author considered an adaptation 
to the conditions of work of transport in a market environ-
ment. The search for new solutions to optimally control the 
process of transshipment corresponds to the procedure of 
systems approach.

A method of calculation of plan of formation of uniform 
freight trains is described in [7]. The use of genetic algo-
rithms and capabilities of modern computational systems 
will contribute to the formation of planning the trains in the 
polygons of railways. 

Scientific approaches to the analysis and modeling of 
technical and technological properties of transportation 
processes and systems have been developing in the direction 
of integration with the tasks of logistics, management of sup-
ply chains, project management, quality management. These 
areas rapidly evolved as scientific disciplines in the second 
half of the 20th century.

Study of the problems of logistics is reflected in arti-
cles [8–10]. The analysis, given in these articles, indicates 
the evolutionary status of logistics, which, as a science, 
undergoes the state of development and formation of new 
approaches to modeling the systems and evaluation of effec-
tiveness. 

The last decade of the 20th century saw development of 
the concept of supply chain management (SCM) [11].

Supply chain management (SCM) includes control over 
all types of logistics activity, manufacturing operations, 
sales, product design, finance and information technologies. 
Articles [12, 13] consider SCM as continuation and devel-
opment of the concept of integrated logistics in terms of 
inter-functional and inter-organizational logistical coordi-
nation. Supply chain management is represented by an inte-
grated functional that is responsible for uniting the key busi-
ness functions and business processes within and between 
companies into a perfect business model. It is important to 
solve the problems related to making effective solutions at 
the operational level, and to the issues of integration of part-
ners, modeling of key business processes in a supply chain.

Success of the integrated cooperation in a supply chain 
is associated with the highest quality of design, production, 
supply and logistics. In order to achieve synchronization 
inside the firm and across the entire supply chain network, a 
strategy is required to use the information systems [14–16]. 

At present, an understanding of the concept of SCM as a 
new ideology is being expanded. In particular, it is regarded 
as “planning and control over all activities in a supply chain, 
including sourcing and management of procurement, trans-
formation (processing) of products and management of all 
types of logistics activities” [17]. 

Dynamic development of distribution systems under 
conditions of globalization of economy will contribute to the 
development of logistics networks and the use of different 
types of transport [18].

An analysis of the problems on optimization of pro-
viding service to customers in a supply chain reveals that 
competition takes place in at least two planes: costs and 
additional benefit in the form of a high-level logistics cus-
tomer service [19]. 

The problem of choosing the best alternatives in the pro-
cess of designing a transportation-technological scheme of 
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cargo delivery based on the formation of a set of alternative 
delivery systems is tackled in articles [20, 21]. To design 
an optimal transportation-technological systems of cargo 
delivery, a procedure is proposed to form alternative combi-
nations of different types of transport for each order.

Given the fact that a large number of applied tasks come 
down to the optimization problems whose effective solution 
requires a description of the purpose by multiple criteria, the 
theory of decision making in the presence of many criteria 
has been gaining traction of late. 

The lack of scientific knowledge in the field of theory 
and methodology of solving vector problems of mathematical 
programming and urgent need for the application of model-
ing algorithms have predetermined the relevance of develop-
ment of theoretical bases and methods of vector optimization 
in the management of economic systems [22].

Article [23] addresses the issues related to the choice of 
solution in the presence of several criteria. The Pareto prin-
ciple is strictly stated and the requirements for a justified 
application are set. 

An analysis of the conceptual and mathematical features 
of decision making in the problems of a multi-criterion se-
lection and optimization under conditions of deterministic, 
stochastic and fuzzy data is given in [24]. 

An application of vector optimization for the functions of 
sets is outlined in [25]. 

Separate mathematical aspects of the problem of vector 
optimization, substantiation of the existence of generalized ef-
fective solutions using the scalarization, are described in [26].

A method for the formation of a system of information 
and computational support of making management decision, 
based on results of decomposition by the module principle, is 
proposed in [27].

Papers [2–7] examined the impact of various factors on 
the processes that take place in transportation systems. Ad-
aptation to market conditions [2, 6], the use of information 
technologies and intelligent models [3, 7], development of 
logistic concepts to control flows in transportation-logistics 
systems [8–19], formation of alternative variants of deliv-
ery systems [20, 21] contributes to improved efficiency. A 
comprehensive approach to solving the problems [2], the 
application of resulting [3] or total [5] criteria of costs are 
important; however, the discrepancies between separate cri-
teria requires the application of vector optimization. Articles 
[22–27] considered theoretical bases of vector optimization 
[22, 23] and applied problems of a multi-criterion analysis 
of technical systems [24–28]. In papers [25, 28], analysis is 
based on the vector optimization of functions, which makes 
it possible to more fully characterize the state of the system, 
however, it does not characterize the dynamic processes 
sufficiently enough.

Development and complication of transportation-logis-
tics systems requires improvement of scientific approaches to 
mathematical representation and construction of models for 
the optimization of transportation and logistics processes. 

The effectiveness of functioning of the transportation-lo-
gistics systems and separate elements of the systems is 
evaluated by the whole tuple of technical and economic indi-
cators, which necessitates solving the task of multi-purpose 
optimization. 

In order to provide a more objective representation of 
dynamical properties of the processes, it is required to de-
velop a multi-criterion analysis of transportation- logistics 
systems using the vector optimization of functionals.

3. The aim and objectives of the study

The goal of present research is to develop approaches of 
a multi-criterion analysis of transportation-logistics systems 
using the vector optimization of functionals.

To accomplish the goal, the following tasks have been set:
– an analysis of the development of a systems approach 

and the application of methods of vector optimization in the 
study into international systems of transportation; 

– statement of particular mathematical models for simul-
taneous and independent optimization of several parameters 
and functionals and the formation of a complete set of ef-
fective plans, which a decision maker (DM) has to analyze.

4. Analysis of transportation-logistics systems based on 
the vector optimization of functionals

4. 1. Development of a systems approach to studying 
international systems of transportation

Given the development of complex technologies of pro-
duction and management processes, systems of information, 
applied objects of systems theory, it is a relevant task to form 
and develop scientific approaches to the representation of 
complex systems of international transportation. Practical 
optimization problems, due to the presence of many crite-
ria, significant constraints, algorithmic representation of 
functions, require unconventional methods in order to solve 
them. This necessitates the formation of new approaches to 
the management, analysis and assessment of effectiveness of 
transportation-logistics systems and the substantiation of 
making multi-criteria decisions.

At the present stage of development of scientific ap-
proaches to the analysis and improvement of transporta-
tion-logistics systems, we should note the impact of the 
concept of supply chain management (SCM), which man-
ifests itself:

– in the evolutionary development of the very concept of 
SCM: from internal distribution chains to the supply chains, 
and hence to the analysis of network structures;

– in the increased attention to the issues of safety and 
reliability of functioning of logistics systems, supply chains, 
to studying the impact of stochastic factors and uncertainty;

– in the transition to the analysis of complex socio-eco-
nomic systems involving transportation process and logistics.

The processes that take place in international trans-
portation-logistics systems in the process of delivery of 
cargoes, goods, people, are diverse in character and complex 
in content. Therefore, such systems can be characterized as 
conditionally discrete, mixed, open, dynamic. 

A scheme of delivery of cargo by successive stages 

JW , J I, N= , which represents the structuring of a logistics 
system at the macro level, is shown in Fig. 1. Each of the 
modules pictured in the diagram characterizes successive 
stages of cargo delivery and is represented at the micro level 
by a technological facility where the process of conversion of 
the material flow takes place.

Block “t”, denoted in Fig. 1 by the dotted line, indicates 
the use of an intermediary at stage J, as well as cargo deliv-
ery to an intermediary ((J-1)-th stage) and then the supply 
chain ((J+1)-th stage). Suppliers (Si) can be represented 
by warehouses at bases, enterprises, ports, customs, etc. 
Intermediaries (IMi) may include at different stages the 
regional warehouses, logistics centers, in the international 
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delivery – customs border crossing points for different types 
of transport, etc. Delivery at different stages ( J

iCD ) involves 
the motion of cargoes using the means of different types of 
transport (road, sea, rail, etc.). Cargoes in a general case may 
possess different properties and can be transported both 
in containers and without them. Depending on the type of 
cargo transported, the type of packaging and the type of 
vehicle is selected.

Fig. 1. Scheme of cargo delivery with successive stages  

(Si – suppliers; CSi –consumers; J
iCD  – cargo delivery at 

the J-th stage; IMi – intermediaries involved in  
the supply chain)

Logistics in international trade activity has its own fea-
ture in operations related to the customs procedures, to the 
regulation of terms of goods delivery in line with purchase 
and sale agreements based on Incoterms rules and interna-
tional rules of transportation, to filling in transportation 
documents and those that accompany goods, insurance, etc. 
In the international transportation-logistics systems, at the 
stage of the customs procedures, there forms a gap in the 
chain, which affects the efficiency of the whole system. The 
customs is one of the state institutions and performs control 
functions and provides services, controls and influences both 
the flows of goods (cargoes) and of transportation vehicles 
and people. This control is executed when crossing the cus-
toms border and inside the customs territory. In order to bet-
ter understand its role in the management of material flows, 
a task of customs logistics should be considered holistically 
with other spheres of international activity. 

Problems that arise at each stage of the progress of ma-
terial flows belong to different functional areas and require 
comprehensive consideration based on many criteria for the 
rational and optimal use of resources over the entire logistics 
system. That is why the task on analysis of international 
logistics system can be stated as a problem of vector opti-
mization. 

Problem of decision making is one of the most complex 
categories in the systems analysis and all subsequent oper-
ations and actions. Integrity and emergence are important 
properties of large and complex systems, which include, 
in particular, transportation-logistics systems. Integrity 
indicates orientation of all elements of the system towards 
a common goal and contributes to the formation of optimal 
results by the accepted criteria of effectiveness.

Emergence implies that the investigated systems have 
properties not inherent to separate elements. Thus, the oc-
currence of an extreme characteristic in the joint function-
ing of individual elements that do not have an extremum is a 
manifestation of emergence. The process of making logistics 
solutions by the criterion of general logistic costs can be af-
fected by the level of stocks, transportation service, product 
characteristics – price, product range, overall dimensions, 
weight, density of the goods, etc. [29]. 

This predetermines the need to develop approaches, 
underlying which is the optimization based on a vector 
criterion and the use of functionals for the analysis of these 
systems.

4. 2. Formation of modern approaches to the solution 
of problems on the improvement of transportation-logis-
tics systems based on vector optimization

The problems of optimal control solve the tasks on allo-
cating limited resources to achieve a complex of competing 
goals over a certain period of time from the starting point to 
the end. Among the main directions in the theory of solution 
of the management problems, article [30] highlighted the 
following: methods of variational calculus, dynamic pro-
gramming, the principle of maximum and differential games. 
Author analyzed the present status of the theory of solution 
of extreme problems, systemized basic directions in the the-
ory of optimization and outlined the basics of the theory of 
optimal control.

Solving optimization problems requires mathematical 
and algorithmic support. The tasks on making decisions are 
divided in paper [31] into two classes – the choice of optimal 
variants and the choice of the best variants. Substantiation 
of design solutions can occur both under conditions of com-
plete certainty and of uncertainty in purpose and environ-
ment. By a degree of certainty and completeness of source 
data, the tasks are divided into three classes.

1. The problems of optimization and control. These are 
the problems of complete certainty. To solve them, they use 
methods of optimization and optimal control.

2. The problems on decision-making under conditions of 
uncertainty. This class includes the problems of qualitative 
nature. To obtain the solution, the methods of expert assess-
ments are commonly used.

3. The problems on decision-making under conditions of 
partial uncertainty. To solve the problems of the third class, 
they use both classic techniques with a well developed theo-
ry and the heuristic ones.

Due to the high complexity of transportation-logistics 
systems, solving the existing problems requires the appli-
cation of systems analysis, formation of a comprehensive 
approach based on the integration of different techniques. 
To increase efficiency of the process of transportation, im-
portant is a statistical analysis of transportation and freight 
flows, using data of chronometric observations [32–35]. 

When studying the objects that provide the functioning 
of transportation-logistics systems, and especially when 
designing the systems and their separate elements, effective 
is the use of optimization methods. The choice of mathe-
matical optimization method is determined by the state-
ment of a problem and requires a mathematical description 
of the object, that is, construction of a mathematical model 
[22, 30, 31, 35].

It is impossible to define the only method to solve all the 
possible optimization problems, some methods are more gen-
eral, while others are less general. The problems of variation-
al calculus and the problems of optimal control accept the 
functional as a criteria while the extremum is determined on 
a set of functions, assigned in functional spaces. 

Most of the methods that solve optimization problems 
require the application of analytic approach at the first stage. 

Variational problems and the problems on optimal con-
trol belong to a class of optimization problems in infinite 
functional spaces, and functions serve as elements, based 
on which the minimum or maximum of the functional is 
searched for.

For the quantitative estimation of the required proper-
ties of the examined object, they formulate an optimality 
criterion whose form is determined by particular content of 
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the optimization problem and can be affected by the choice 
of method of solution. One can use as optimality criterion: 
objective function of one or several variables, several objec-
tive functions, functional. In the problems of multi-criteria, 
or the so-called vector optimization, we have several such 
functions. 

When solving multi-criteria (vector) problems, the very 
concept of optimal solution changes, since it is required 
to find a reasonable compromise among several criteria. 
Typically, before one determines the extremum of a vector 
function, one assigns the rule of comparison of two vectors, 
which allows drawing a conclusion about which of the vec-
tors is the best.

The principle of optimality by Pareto appears to be the 
most natural in the sense that it corresponds to the intuitive 
understanding about the best values of these functions. 
Improvement by Pareto can be formulated as follows: one 
should assume that any change that does not cause any dam-
age but does someone a favor (in their own estimates), is the 
improvement. These so-called optimal compromise plans are 
called the Pareto set, or a set of effective plans. Important 
properties of the Pareto-solutions are the impossibility of 
improving any decision using any of the criteria without 
compromising other criteria.

4. 3. Procedure of determining an optimal solution to 
the problems of improvement of transportation-logistics 
systems based on the vector optimization of functionals

An analysis that employ modern mathematical models 
is required to effectively manage the design and improve-
ment of transportation-logistics systems. In particular, the 
formation of models based on mathematical apparatus of 
optimal control with functional criteria whose extremum 
is defined on the set of functions, assigned in functional 
spaces. 

In order to solve optimization problems with an optimal-
ity criterion in the form of functional, where the variables 
that are needed to be defined are the unknown functions, 
the use the techniques of variational calculus. This approach 
makes it possible to reduce a solution of the original optimal 
problem to the integration of some system of second-order 
nonlinear differential equations with boundary conditions 
assigned on both ends of the interval of integration (Euler 
equations).

Euler equations are the necessary conditions for the ex-
tremum of a functional, which is why the functions, obtained 
by integrating a systems of differential equations, should be 
checked on the extremum of a functional. 

When there are constraints on the type of equalities that 
take the form of functionals, they use the Lagrange multipli-
ers, which provides a possibility to pass from a conditional 
problem to the unconditional one.

The largest difficulties in the application of variational 
methods occur in the case of solving the problems with con-
straints of the inequality type. 

When solving variational problems with movable bound-
aries, they use the so-called conditions of transversality. 

In a general form, a management problem is stated in the 
following form [31]: it is required to determine

( ) ( )
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Every possible phase trajectory x(t) is realized when 
using some permissible control {u(t)}. From a set of permis-
sible phase trajectories whose beginning corresponds to the 
assigned initial state x0 in the initial moment t0, it is required 
to select the optimal phase trajectory. 

Optimal trajectory {x*(t)} is such a permissible phase 
trajectory that terminates on the end surface on which the 
objective functional reaches a maximum. 

A differential of functional is understood as a linear part of 
functional increment, that is, the trajectory that is close to x(t).
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Then it is possible to write for the total of Euler equation:
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where (3) represent the condition of transversality. 
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If there are two criteria of optimization that are de-
scribed by functionals I1, I2, then it is necessary to determine

1

2

I
min

I

 
→  

  (4)

under condition (2).
Definition 1. Assume function x(t) belongs to D1, that is, 

to the class of continuous functions with continuous deriv-
atives. Then function x(t) is effective if differentials of the 
functionals have opposite sign. 

Definition 2. Functions x1(t), x2(t) are called incompara-
ble when at one function one functional turns out to be the 
best, while at another one is another. 

Definition 3. Set X with D1 is termed a solution to the 
problem of vector optimization, if x X∀ Î  is effective, and two 
functions x1(t), x2(t) from X are incomparable to each other. 

From definition 1 we obtain, since x(t) is effective, that 
a∃  is so that the condition holds

1 2I a I 0,δ + δ =

( )

( ) ( ) ( ) ( ) ( )

1

0

1

0

t

t

t

0 1
0 1t

F d F
I t dt

x dt x

F l l
t t t 0.

x x t x t

 ∂ ∂ δ = − φ +   ∂ ∂ 

∂ ∂ ∂
+ φ + φ + φ =

∂ ∂ ∂

∫




Then

1 2F F aF ,= +

1 2l l al .= +

A management problem in the classic variational calcu-
lus implies that among a set of functions of time, that is, the 
phase trajectories that connect two fixed points in the initial 
and end periods, it is necessary to select a function that de-
pends on the phase coordinate, rate of change in the phase 
coordinate and time, that is, takes the form:

( ) ( )( )
1

0

t

t

I F x t , x t , t dt min,= →∫   (5)

( )0 0x t x ,=

( )1 1x t x .=  (6)

This problem can be considered as a particular case of a 
general problem on management, which does not include the 
function of finite parameters (Lagrange problem). In such 
statement, solution to the problem depends on one phase 
coordinate and on one controlling parameter – a speed of 
change in the phase coordinate. That is, the equation takes 
the form x u,=  therefore, x  in F(...) replaces u, and the con-
trol parameter may take any value. 

The solution to the problem of variational calculus is the 
trajectory {x(t)}, along which we achieve extreme value by 
the integral functional (the minimum). Under conditions 
of the existence of a solution, the solution must satisfy the 
required condition that is described by the Euler equation

F d F
0.

x dt x
∂ ∂ − =  ∂ ∂

 (7)

If we have two functionals, for example, cost and time

( ) ( )( )
1

0

t

1 1
t

I F x t , x t , t dt,= ∫ 

( ) ( )( )
1

0

t

2 2
t

I F x t , x t , t dt,= ∫ 

to solve problem (4) under conditions (6), we shall introduce 
functional

1 2I I aI min,= + →  a 0.≥

Represent F=F1+aF2 and then substitute in (7). 
As a result of the solution of the optimization problem of 

several functionals, there forms a complete set of effective 
plans that are provided to a DM for further analysis.

5. Results of examining the indicators of  
functioning of transportation-logistics systems  

based on the vector optimization of  
functionals

In order to study indicators of functioning of transpor-
tation-logistics systems, we shall consider a progress of the 
flows of cargoes through the customs warehouse. Prepara-
tion of model and conducting analysis based on the vector 
optimization of functionals for obtaining a region of efficient 
solutions is performed in several stages. 

At the first stage, it is necessary to collect statistical data 
on the examined indicators, in particular on the volumes of 
cargoes processed at the customs office over a certain period. 
An analysis of freight traffic in a foreign-economic activity 
can be used to develop infrastructure of the customs body, 
planning the places of arrival and handling of flows, efficient 
distribution of queue, etc.

At the second stage, the problem is to choose a method 
for the approximation of data and determining an approx-
imating dependence, which describes empirical data most 
accurately. Dependences that describe behavior of the 
system are of non-linear, often extreme, character. Thus, 
considering simultaneously the functions of cost of deliv-
ery and storage of material resources in the problems of 
inventory management shows that though each of these 
functions has no extremum, the function of total cost has 
a minimum. Similar systemic effects can be seen when ex-
ploring food, technological, logistics and other components 
by their combined influence on the behavior of the system 
as a whole [3, 29].

The obtained results of an analysis of freight traffic 
of a foreign economic activity using different methods of 
approaching the curves showed the validity of the use of a 
quadratic model [31]. An analysis of region of the application 
of various methods of prediction and the use of the method of 
exponential smoothing in the case when a trend is described 
by a quadratic predicting polynomial that is most often used, 
is given in article [32]. 

At the third stage, based on the analyzed data, we form a 
model of the vector optimization of functionals.

In the mathematical representation of transporta-
tion-logistic processes, functionals can characterize the 
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costs, time, energy of displacement, etc. As a phase coor-
dinate, we can accept, for example, a volume of the cargo 
transported from a warehouse, spent on their displace-
ment or on the execution of final and initial operations. 
Dependences that describe one or another indicator can 
be obtained empirically, by the methods of statistical or 
correlation-regression analysis, methods of factor analysis, 
analysis of hierarchies, etc.

The process of cargo transportation is affected by a 
whole range of factors – total volume of transportation, time, 
size of the batch, type of transport, type of rolling stock. The 
functions of quality (criteria) are defined for a particular 
problem statement, using the methods of estimation of indi-
cators of economic processes, analysis of technological and 
logistical costs, etc. 

Substantiation of the analysis of functioning of the cus-
toms units based on the optimization of functionals prede-
termines the impact on the indicators from both the volumes 
and speed of cargo processing. This makes it possible to more 
accurately describe the state of the system and its dynamic 
properties.

In order to analyze the movement of flows of goods 
through the customs warehouse, we shall accept as con-
straints particular equations that contain a quadratic ap-
proximation of data on the volumes of cargo and the speed 
of their processing. This example does not limit a general 
approach. 

The constraints are accepted in terms of the cost and 
time of processing the cargoes. 

When defining initial conditions, we accept that in the 
beginning of the period volume of the processed goods is 
zero. At the end of the period we accept 1 as the fulfillment 
of the whole volume of the planned work.

The fourth stage includes analytical work on the model. 
At the fifth stage, we solved a problem of the vector opti-

mization of functionals using the applied computer programs 
to determine a complete set of effective plans. 

Assign two functions:

2 2
1F x x ,= + 

2
2F x .= 

Initial conditions:

( ) ( )x 0 0, x 1 1.= =

1. Solve a Lagrange problem. Assume

2 2 2F x x ax .= + + 

Construct an Euler equation by (7)

( )( )d
2x 2 1 a x 0

dt
− + =  or ( )x 1 a x 0.− + =

General solution to the problem takes the form

t t
1 a 1 a

1 2x C e C e .+ − += +

Determine C1, C2 from the initial conditions:

1 2

1 1
1 a 1 a

1 2

C C 0,

C e C e 1.+ − +

+ =


+ =

( )2 b b

11C , b .
e e 1 a

= =
− +

Define the limits within which a change in indicator b 
occurs:

( ) ( )
( )

t t

a 0 1 1

e e
a 0; x t, a ,

e e

−

= −

−
= =

−

( )

t t

1 a 1 a

a 1 1a
1 a 1 a

e e
0

a ; x t, a ; .lim
0

e e

−
+ +

=∞ −→∞
+ +

 
− 

 
→ ∞ =

 
− 

 

( )
( )

( )
( )

( )
( )

bt bt bt bt bt bt

b b b b b bb 0 b 0 b 0

e e te te t e e
t,lim lim lim

e e e e e e→ → →

− − − +
= = =

− − − +

( ) ax t, a t; a 0; b 1; a ; b 0.→∞ = = = = ∞ =

Then

( )bt bt
b b

1
x e e ,

e e
= −

−
 where 0 b 1.≤ ≤   (8)

The region of efficient solutions for (8) is defined in the 
Maple programming environment, by changing variable 
b from 0 to 1 at step 0.1. A set of effective functions that 
reflect a dependence of phase coordinate x  on time t  is 
shown in Fig. 2. 

The time derivative equals

( ) ( )b bt bt

2b

e be be
x x, t .

1 e

−− −
=

−


Fig. 2. A set of effective functions

Determine the value of the first functional. 
Integral function that is equal to

( ) ( )
( )

4b 2b 3 4b 2 2b 2

1 22b

e 4e b e b 4e b 1 b1
I x, x, t ,

2 1 e b

+ + − − −
=

− +


is shown in Fig. 3 as a function of b.
Determine the value of the second functional. Integral 

function equals

( ) ( )
( )
4b 2b

2 22b

b e 4e b 11
I x, x, t ,

2 1 e

+ −
=

− +


and is shown in Fig. 4 as a function of b.
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Fig. 3. Integral function for functional I1

Fig. 4. Integral function for functional I2

Dependence curve between I1 and I2 in the space of func-
tionals is shown in Fig. 5.

Fig. 5. Solution to the problem of vector optimization in  
the space of functionals

The resulting dependence allows us under particular 
conditions to determine a rational value of one of functionals 
I1 or I2, if another one has a particular fixed value. 

2. Let is consider a problem of vector optimization of 
functionals in a general form, taking into account the func-
tions of initial and final operations (the Boltz problem). 
Functionals are assigned in the following form:

( ) ( ) ( )
1

2 2
1

0

I x x dt 2x 1 sh 1 ,= + −∫ 

( ) ( )
1

2 2 2
2

0

I x dt 4x 0 5x 1 .= − −∫ 

Define:

2 2 2F x x ax ,= + + 

( ) ( ) ( ) ( )( )2 2l 2x 1 sh 1 a 4x 0 5x 1 ,= − + −

F F
2x; 2x 2ax,

x x
∂ ∂

= = +
∂ ∂

 



( ) ( ) ( ) ( ) ( )l l
8ax 0 ; 2sh 1 10ax 1 .

x 0 x 1
∂ ∂

= = − −
∂ ∂

Find a general solution to the Euler equation in the  
form x=eλt.

( )x x 1 a 0;− + =

( )t 2 te 1 a e 0;l l− l + =
 ( )21 1 a 0;− l + =  

1, 2

1
b.

1 a
l = =

± +

bt bt
1 2x C e C e ;−= +  bt bt

1 2x C be C be .−= −

Constants C1 and C2 are found from initial conditions (3)

( ) ( )( ) ( ) ( )
1t 1

1

F l
0; 2x t 1 a 2sh 1 10ax 1 0.

x x t
∂ ∂

+ = + − − =
∂ ∂





( ) ( )( ) ( )
0t 0

0

F l
0; 2x t 1 a 8ax 0 0,

x x t
∂ ∂

+ = + + =
∂ ∂





( )( ) ( ) ( )
( )( ) ( )

1 1

0 0

bt bt
1 2

bt bt
1 2 1 2

2 1 a C be C be 2sh 1 10ax 1 0,

2 1 a C be C be 8ax C C 0

−

−

 + − − − =


+ − + + =

or

( )( ) ( ) ( )
( )( ) ( )

b b b b
1 2 1 2

1 2 1 2

2b 1 a C e C e 2sh 1 10a C e C e 0,

2b 1 a C C 8ax C C 0.

− − + − − − + =


+ − + + =
  (9)

Changing parameter a, we obtain a solution to system (9) 
in the form of a family of curves that form the region of effec-
tive solutions. Based on subsequent analysis of the complete 
set of effective plans, a DM can make a justified decision.

6. Discussion of results of applying the vector 
optimization of functionals in the problems on 

improvement of transportation-logistics systems

In the present study we proposed an algorithm and 
procedure of a multi-criterion analysis of transportation-lo-
gistics systems using the vector optimization of functionals, 
which make it possible to take into account dynamic proper-
ties of transportation and logistics processes. 

For a more accurate representation of behavior of the 
system, we propose at the first stages to analyze influential 
factors and qualitative characteristics of the processes that 
define the form of a quality function (criteria) for each sep-
arate problem, to define approximating dependences, which 
describe empirical data most accurately. This is predeter-
mined by complex interrelations between separate elements 
and subsystems, and, as a result, by a nonlinear, often ex-
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treme, character of dependences that describe behavior of 
the system.

In the given example of an analysis of freight traffic that 
is cleared at customs in international transportation-logistics 
systems, we adopted a quadratic model, the validity of whose 
application is analyzed in [31]. Results of the analysis of sta-
tistical data, obtained at this stage, on the volumes of cargoes 
can be used to predict and plan the work of the customs units. 
In order to analyze other subsystems, it is necessary to run an 
analysis of the region of application of the methods of forecast-
ing and approximation in each particular case [32].

At the next stage, during formation of the model, in or-
der to represent transportation-logistics systems in a more 
detailed fashion, we considered characteristics of rate of 
change in the examined processes that will make it possible 
to take into account dynamic properties of the objects. 

When analyzing the functioning of customs units, per-
formance indicators are affected by both the volumes and 
speed of cargo processing. We examined the impact of the 
state of the system and its dynamic properties on the indica-
tors of cost and time to processing the cargoes. During for-
mation of constraints, effectiveness can be assessed by other 
indicators, such as conditions to provide services, consumed 
energy, payments to the budget, etc.

Using as an example the movement of cargo flows through 
the customs warehouse, we have shown the formation of sep-
arate mathematical models for simultaneous and independent 
optimization of several parameters and functionals and to 
obtain a complete set of effective plans for subsequent anal-
ysis by a decision-maker. Based on the vector optimization of 
functional with a quadratic approximation of functions, we 
received a region of efficient solutions to the Lagrange prob-
lem in the Maple programming environment and explored a 
problem of the vector optimization of the Boltz functional.

Thus, each object that participates in the processing of 
cargo flows at certain stages is complicated and requires 
systems analysis. 

The proposed approach to modeling will make it pos-
sible to receive a complete set of compromise solutions 

to the problem of vector optimization of functionals for a 
decision-maker with regard to the state of the system and 
dynamic processes. 

In the future, the approach can be used in the tasks 
on planning rational distribution and efficient servicing 
of freight traffic by the objects of transportation-logistic 
network.

7. Conclusions

The analysis we conducted showed that the existing 
approaches to the study of international systems of trans-
portation do not fully reflect the properties of the object. For 
the transportation-logistics systems, it is necessary, together 
with a characteristic of the state, to take into account dy-
namic properties of the system and separate elements. It is 
shown that for a more complete and objective representation 
of dynamic properties of the processes, it is required to de-
velop a systems approach based on the vector optimization 
and the use of functionals for the analysis of these systems.

We proposed an algorithm and a procedure of a multi-cri-
terion analysis of objects of transportation-logistics systems 
using the vector optimization of functionals. It is demon-
strated that in order to receive a more accurate represen-
tation of behavior of the system, it is necessary at the first 
stages to analyze statistical data on the examined indicators 
and to define approximating dependences that describe em-
pirical data most accurately. When forming a model based 
on the vector optimization of functionals, the equation was 
introduced with characteristics of rate of change in the ex-
amined processes, which will make it possible to take into 
account dynamic properties of the object.

Using as an example the movement of cargo flows 
through the customs warehouse, we have shown the forma-
tion of separate mathematical models for simultaneous and 
independent optimization of several parameters and func-
tionals and the formation of a complete set of effective plans 
for subsequent analysis by a decision-maker.
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